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PREFACE 



The proposal of a vibratory theory of light by Des 
Cartes was of little value until Huygens advanced to 
the undulatory theory, which he left nearly as it is at 
present received, but with the hypothesis of transversal 
vibrations added by Dr Young and M. Presnel to ac- 
count for the polarization of light. Newton, having 
adopted a mixed vibratory and corpuscular theory, was 
by his doctrine of the polarization of Hght enabled to 
give a reason for phenomena observed in the double 
refraction of calc spar which Huygens could not recon- 
cile with an undulatory theory. Newton was, however> 
unfortunate in his hypothesis of ' fits of easy reflexion 
and transpiission,' formed to account for the occurrence 
of periodical colours; and his great authority during 
a century prevented the doctrine of interference, which 
had been advanced by Dr Hooke, from being accepted 
as the true explanation of the several cases investigated. 
The Newtonian theory numbers, however, amongst 
its disciples the great names of Laplace and Malus, and 
the latter must ever rank as a chief leader in the ad- 
vance of Physical Optics, by his mathematical investi- 
gations and his discovery of the polarization of light 
by reflexion at transparent surfaces* 



IV PREFACE. 

The revival of the undulatory theory with the doc- 
trine of interference, at the beginning of the present 
century, is due to Dr Young, and its reception by 
mathematicians to M. FresneFs analytical researches, 
which promised, when fully developed, to comprehend 
the discoveries of himself, of M. Arago, M. Biot, Dr 
Brewster, M. Fraunhofer and others. 

The expressing in mathematical formulae the won- 
derful and beautiful phenomena shown in the inter- 
ference of ordinary and polarized light, acted like an 
enchantment upon the mathematicians, and their glory 
and pride was to develop so surprising a theory. The 
inertia of the previous century came now into effect 
again in favour of the undulatory theory of light, and 
the investigations which professed to confirm or ad- 
vance it were extolled, whilst those which militated 
against it were rejected or met by an assertion that at 
the utmost some subsidiary hypothesis might be needed. 

In the experiment with the two mirrors slightly in- 
clined, M. Arago had stated that the central interfer- 
ence-bar was always a bright one, in accordance with 
the undulatory theory; but it was found frequently to 
be seen a dark one, contrary to that theory, and means 
were sought to secure for exhibition a bright central 
bar. This was first accomplished by passing the light 
at the luminous point through a minute aperture in a 
thin opaque plate so that the light was in a state of 
interference by diffraction before falling upon the two 
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mirrors, and the interference produced by them wa« 
secondary, but it was exhibited as primary interference. 
Another ingenious method to produce the same result 
is by forming the luminous point or line with lenses, so 
as to have interference near a caustic, before the light 
falls upon the two mirrors. In the case of the so-called 
spurious rainbows the measures of the bright bars did 
not accord well with the theory, whilst those of the 
dark bars did so ; after full consultation, therefore, the 
former were suppressed, and the latter published. 

With the reiteration of blunders and the manage- 
ment described above, together with bold assertions 
of the most complete agreement of the facts of experi- 
ment with conclusions from the undulatory theory, it 
was asserted to be as certainly true as the theory of 
gravitation. 

With such advocacy it was not likely that the 
author of the present treatise would find companions 
in investigating criti<3al points where the undulatory 
theory fails, and he has had the field nearly clear to 
himself for thirty years, until he had completed the 
experimental and mathematical investigations discussed 
in the Two Parts of the Work. The present Second Part 
was finished before the First Part was printed ; but on 
account of the delay in getting it pubHshed he was 
enabled to revise, correct, and expand the manuscript 
to some small extent. The author is far from consider- 
ing that he has done more than commence the mathe- 



VI PREFACE. 

matical discussion of the corpuscular theory of light ; 
but trusts that Physical Optics, recalled from one of 
its wanderings, may by-and-by take a straight course 
of progress, and that his long perseverance against 
dogmatic error will not be considered as lost labour by 
future investigators. 



London, 1859. 
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INTRODUCTION. 

Many cases were pointed out in Part I. where the undnlatorjr 
theory fedls to represent the phenomena which are observed; 
and these were not snch, that modifications of the subsidiary 
hypotheses would produce conformable results, and bring that 
theory to represent them, but were at variance with the essen- 
tial properties of waves. Of these the darkness at caustic curves 
18 Observed, in place of brightoefls, which that theory requires; 
the enormous discrepancies of the intensities in Newton's trans- 
mitted rings compared with those given by that theory; the 
glaring fedlure of the expression for the light reflected at a per- 
pendicular incidence from transparent surfaces; the failure of 
Fresnel's expression for the wave surface in biaxal crystals, are 
examples : and many other instances may be brought forward. 

The undulatory theory therefore being abandoned, we must 
recur to a corpuscular theory, with the principle of periodicity 
as an essential property of light ; or the luminiferous corpuscles 
must be considered as flying off in surfaces^ sheets, or shells from 
luminous points, with intervals (X) which are constant for the 
same colour of the solar spectrum, but which vary from colour 
to colour, and have the values in the table, page 70, Part I. 

The property of polarization of beams of light is to be con- 
sidered as arising from the luminiferous corpuscles having dif- 
ferent properties on different sides, or having poles, axes, and 
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equators, similar to what are recognized in the particles of 
ponderable matter, and a beam is called a polarized beam when 
the axes of the Inminiferous corpuscles are all parallel. It will 
be found in the chapter on polarization that the axes must be 
considered to be in the luminiferous surfaces, and therefore the 
planes of the equators at right angles to them; and that the 
plane of polarization of a beam of light is the plane to which 
the planes of the equators of all the corpuscles are parallel. 

A&:ain, the axes of the corpuscles may be similarly situated, 
but tte ^les reversed in two interferbg beams; and in this 
way the property which has been termed anatropy may arise, in 
some cases. 



CHAPTER I. 

ON THE EEFLEXION AND EEFRACTION OP LIGHT. 

The principal phenomena of the reflexion and refraction of 
light were explained in Chapter I. of Part L of this treatise. We 
saw there that the reflexion of light might be compared with the 
rebounding of a perfectly elastic ball after being thrown against 
a hard surface; the component of the velocity of projection 
parallel to the surface being the same after as before impact, 
whilst the component perpendicular to it was first destroyed and 
then by virtue of the elasticity regenerated in the opposite direc- 
tion. The analogy here ceases, however, for when light is 
incident upon a reflecting surfece part only is reflected, a small 
part is dispersed, and the remainder enters the substance of 
the body. 

The igeneral properties of light in the cases of reflexion and 
refraction having been discussed in Part L, we have need only 
to reconsider those properties which can be investigated mathe- 
matically from physical data, and thus to find the causes of many 
of these properties. 

Art. 1. Prop. In the refleocion of light the velocity of the 
reflected ray equals that of the incident ray. 

For a luminiferous molecule which is reflected, we suppose 
the component of the velocity before incidence parallel to the 
reflecting surface, equals that after reflexion ; and the component 
perpendicular to the surface equals that after reflexion, but in 
the opposite direction. Let BAG in figure 1 be a reflecting 
surface, SA a ray incident at Ay AR the reflected ray, AN the 
normal at -4, and let SAN the angle of incidence equal «*, RAN 
the angle of reflexion equal i', 

b2 
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Let V be the velocity of a InminifeFOTis molecule in the ray 
SAj u the velocity of it in the reflected ray AB. 

Then from the above relation of the parallel and perpendicular 
components we have 

w sin t' = t? sin t, 

u cost' = — t? cos t; 

.•. tan t'=— tan il and *' = — ». 

The plane of reflexion is also, from the conditions, the plane 
of incidence, ■ 

also w'sin't'4-w*cos*«' = t^sin'* + t^cos't, 

or w' =?!?*. 

COE. The converse of the above proposition evidently holda 
good, when the velocity after reflexion equals that before, and 
the angle of incidence equals the angle of reflexion. 

The Ught wHch undergoes refraction in a Iranspaxent 
medium is subject to impulsive forces at the surface, which act 
through an inappreciable space only, and then within the medium 
the path of the ray is a straight line. 

Those media which have ordinary refraction, act with the 
same impulsive forces at their surfaces upon the molecules of 
light polarized in any planes ; but double refractiag substances 
first analyze the incident beam into two beams polarized in 
planes at right angles to each other, and then exert impulsive 
forces upon the luminiferous molecules of these two beams, which 
difler. Cases of the variation of these impulsive forces in nearly 
every imaginable manner are aheady known, as may be con- 
cluded from the description of the double refraction and inter- 
ference results in Fart I. 

In order to find the laws of the action of these impulsive 
forces, we have to consider as given the fundamental properties of 
the ordinary refraction of transparent bodies ; namely, that the 
sine of the angle of refraction bears a constant ratio to the 
sine of the angle of incidence, and that the velocity of the lumi- 
niferous molecules in the refracting medium bears the same ratio 
to the velocity in a vacuum, which the sine of the angle of re- 
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fraction bears to the sine of the angle of incidence'^. That is^ if 
t be the angle of incidence, % the angle of refraction, as in the 
next proposition, fi the refractive index ; v the velocity of the in- 
cident molecule, u that of the refracted molecule ; we have 



sint = /L&sint', 



V = flU. 



With these data we require to find how the impulsive forces 
act in directions parallel and perpendicular to the refracting 
surface at the point of incidence. 

Art; 2. Prop. To investigate the coefficients which detet^ 
mine the velocities of an ordinarily refracted luminiferoas molecule^ 
parallel and perpendicular to the refracting surface. 

Let Ox^ Oy^ Oz be the rectangular axes of co-ordinates ; and 
let the phme of xy be in the refracting surface of the medium. 
Let 80 be a ray incident in the plane of xz^ which will not 
affect the generality of the discussion, since the refraction is sup* 
posed to be ordinary refraction ; let the angle of incidence 80z' 
equal i; let OE be the refracted ray, and the angle ROz = t*. 

liCt V be the velocity of the molecules of light in the incident ray,. 

u refracted ray^ 

and fi the refractive index. 

Then we have the data, sin i =/L&sin t", and fiu^v, 

/ Let If m, n he the coefficients due to the impulsive forces, 
which multiplied into the velocity of the luminiferous molecules 
of the incident ray parallel to the co-ordinate axes Oxj Oy^ Oz, 
give the velocities of the molecules in the refracted ray respecr 
lively, parallel to those axes ; or 

let usiai' =1 .vBinu (1), 

ucosi' — n.vcosi. (2), . . 

and in ordinary refraction m = l; 

* See Part I. page 9. 
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from (1) I = 



u sin % u sin t 



vsmt /iii./isint 



from (2) w = 



/**' 



u cos i" 
t? COS i ' 



J a ^*(1— sin*i") 
and n*= — Vt: 5-~ 



/aV cos* t 



2 * 9 * 

/i — sm % 

— 4 T"^ 

/A COS « 



= -4 4-' 4 sec't. 

This value of w', with P= -4, and w* = —4, are the squares of 
the coefficients required. 

Art. 3. Prop. Ti> find the forms of the luminiferous sur^ 
face in a plate of a untaxal crystal cut perpendicularly to the aacisy 
when the ordinary and extraordinary rays traverse the cads toith 
the same velocity. 

Let the plane of ay be the plane of the surface of the plate, 
and let Oz be the axis of the crystal passing through the point 
of incidence O, of a ray SO. 

The refraction being symmetrical with respect to the axis Oz, 
the coefficients for the velocities parallel to the plane of ccy are 
the same in all directions around Oz^ and we may take the plane 
of xz for the plane of incidence. 

Let the angle 80z' = *, the angle of incidence ; and OB, OM' 
be the two refracted raya, of which OB is the ordinary ray and 
polarized in the plane of incidence and refraction, which is a 
principal plane of the crystal*; and OB' the extraordinaiy ray 
polarized perpendicularly to the principal plane. 

• See Part 1. page 16. 
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Let OR make the angle of refraction BOz =s { with Oz^ 
OE KOz^f 

Now OR being the ordinaiy ray, the coefficients Z, m, n will 
be as in the last Article, or 

g 1 /L&* — I g . 

n''= —4+ '-—4- sec*t, 

and 0^' being the extraordinary ray, let the coefficients be 
ty m\ ii with the velocities of the two rays eqnal in Ozy .but 
unequal in other directions, and 

I =7/1 =-7i, 
ra_ 1 . /^'*— 1 t* 

vh — g >u ■!■ M M sec $• 

Let t; be the velocity of the luminiferous molecule in the inci- 
dent ray, u its velocity in the ordinarily refracted ray, and \i its 
velocity in the extraordinary one; we have 

MT sm* I ^Fir sm" f = -4 sm t , 

A* 

w' cos' i* = nV cos' t 

v' 
= -4(/Lfr"-l + cos"t); 

4 « • 2 •f 

. - • au &mrt 
.'. sm t = ^-— 3 , 

IT 

^ . /iVcos't , , ^ 

and since sin't + cos't = ~g-(sin"t' + cos*»^ — /i'+ 1, 

or /iV = t?*, 
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» 

which is identical with one of the fhndamental data, and if -< be 
the time of ^a^versing any distance in- OB, and is the focus to 
which a pencil of incident rays converges, then ut is the radins 
vector of the luminiferous surface within the plate, and 

V 

ut^ — L 
A* 

which varies only with t, and is therefore the radius of a sphere 
with center 0, as we conclude also from h priori considerations ; 
and the point may be taken as a luminous origin upon the 
surface. - 

Again, . for the luminiferoos molecule of the extraordinaiy. 
ray, 

w'« sin' r = r^ 8in» » 

V sm* I 



/*'* ' 



u^ cos* t" = n**!^ cos* % 



and substituting as before, ' \ 

sin*t + co8*t = l = ^(/*'*sin*r + /i*./i'*cos*r)-M'* + l| 



whence m" = 



/M»'*sin'*" + /A*co8*t 



,2 -T" > 



~r2»^ 



or 



„-.<» ,J^— , 

l + (£,_l)co8T 



and thus multiplying both sides by ^, we have the equation of 
an ellipse to the center, between the radius vector ut and the 
angular ordinate %\ which is measured from the major or minor 

axis of the ellipse, as {^^ - I j is negative or positive respec-' 
tively. 
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For if 
AO=^a^ semi-major axis of the ellipse in figs. (4) and (5), 

BO — b = semi-minor • 

PO =5 p = radius vector, and angle FOB = 0j 
also POA=^^; 
then by conic sections, we have 



1+ 



(|j-l)c08«^' 



Comparing with ihe values of u**^, we see £hat the lumini-^ 
ferous surface for the extraordinary rays will be a spheroid of 
revolution, and oblate if /i is greater than fi, but prolate if /l& be 
less than fi. The former is the case for calc spar, and the latter 
is the case for ice. 

« 

Art. 4. Pbop. To find the retardation of one lwmn%feT(mB 
mrface hehind the other in tmtaxal crystals at given points. 

Let OA = a, OB — h be the semiaxes of the generating ellipse: 
of the spheroid in fig. (6), which is the luminiferous surface of 
the extraordinary rays, and taken first as oblate; and OA'=b 
the radius of the sphere which is the luminiferous surface of the 
ordinaiy rays. 

Then if the angle .SOi^T equals t", we have firom the equation 
to the ellipse, 

1 i+g-i)coB'«" ; 

?^ 3^ 

_ 1 cr — b . I „ 
~b''~'W ^* ' 
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ard^ 1 p'-y (p-b)(p + b) 

*"*^ v . p*~ Vp* ~ by . 

c? — b . , .„ 

.*. the retardation p — h^ ^-^, rr- sin' i'\ 

Now near the axis Oz, we have p = J, nearly, 
and the retardation pB = p — b 

= ^ a — ' sin' 1, nearly. 

CoE. !• When the spheroid is prolate, we have 

1 1 . a»-y . ,.,, 

-g = -g H 575— sm % , 

p or ab 

and the .etaxdation a-p^^^ ain«.-, neaxly. 

* 

Cor. 2. When the light has traversed the plate of the 
crystal and emerged into air, we have the thickness of the plate 
equal to & in the first case and equal to a in the second ; and 

also i being the angle of incidence, we have 

, •■ - ■ • \ 

* 2 * 

• Q •>• Bin V 

sm** = — 5- 

near 0^, and the retardation in air is 

fi X pB as — ^ — 3 — ' sin* t, for negative crystals, 

fi xpB = ^ , , ' sin' t, for positive crystals. 

Art. 5. Prop. To find the relative directions cf the two 
rays in uniaxal crystals near the optic axis^ which arise from a 
single incident ray. 

From the last proposition we have, since n = w', when t = 0, 

nV cos' « = t^ cos' i' 

= ^"008'^, 
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and t;'sin*ti=/L&Vsin*i" 

^a^vr sm*t ; 
.*. dividing, we have /a* tan* i = /a'* tan' %\ 

s 

or, tan % = -^ tan t", nearly, near the optic axis. 

Now iu calc spar /a is greater than /l&', and therefore f is 
greater than i\ When i is not equal to nearly, the correct 
values of n and ri must be taken. 

When the luminiferous surfaces of the incident rays are 
planes, those of the refracted ones are so also, and their positions 
are found by the method of Huygens, as in Part I. Reciprocally 
the luminiferous surfaces after emergence into air again are 
planes, perpendicular to the parallel emergent rays. 

Art. 6. Prop. When the surface of a plate of a uniaxal 
crystal is a principal plancy to determine ike direction of the 
extraordinary ray which corresponds to a given incident ray. 

The refracting surface being a principal plane, let it be taken 
the plane of xy, and let the optic axis be Oa; in the figure, and 
the crystal a negative one, as calc spar. Then in Art. (3), the 
luminiferous surface of the extraordinary rays was found to be 
„ »U.te ,h»oid, «.a i. the p^oToJ tte ^j ,lud. i. 
incident perpendicularly to the refracting sur&ce will suffer, no 
deviation in the direction by refraction, and the expressions 
for l\ m\ ri will be of like form to the last 

Let a", /8", 7" be the angles made with Ox^ Oy^ Oz re- 
ap^tively by the extraordinary ray. 

Let a, i8, 7 be the angles made with Oxj Oy^ Oz respectively 
by the incident ray. 

Let p be the radius vector of the elliptic section of the oblate 
spheroid by the plane of xy^ and «r = - ; 

r 

then putting -07* = —, = —^ — f- — 5— = /l&*cos"&4-a^ sm'&, 

where is the angle which p makes with Ox^ the minor axis, 
and which the plane of refraction makes with the plane of xz. 
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and r=4, fn^^X, „- = -^ {1 + (w« - 1) 8ec»y}, 

fMt fit fm JB 

as in Art (3), 

we have u** cos* o" = Pi? cob' a 

P* COB* tt .,. 

~ / ^*^' 

tt'*co8«)8" = t»Vco8*y8 

-~ir~ ^^^' 

»** cos* 7" = n"*!^ coe?7 
and l = cos*a + cos'/8 + cos*7 

and this value of -;$ being sdbstitated in the equations (1), (2) 
and (3), we have the values of a", ff\ y" in terms oidj P and 7. 

Let ^ be the angle which the plane of incidence makes with 
the plane of a;2r, and in fig. (8) equal to the arc BC in the sphe- 
rical triangle ABC upon the surface of a sphere with center O 
and radius unity, where arc AB^ a, and arc AG^^^dQf^—y, 

then cos AB = cos -4 (7. cos BG, 

or, cos a =s sin 7 . cos ^ ; 

similarly, cos /8 = sin 7. sin ^, 

and for the refiracted ray, we have similarly, 

cos a" = sin 7" cos 0, 
cos^S" = sin 7" sin ^ ; 
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substituting these values in equations (1) and (2), and dividing 
(2) by (1), we have 

tan ^ = Sj . tan 9, 
fit 

which gives the pUme of refraction and the value of «t*, by sub^ 
stitution in 

w'' = /*''cos*^+/t''8in''^. 

Let the plane of incidence be the plane of xz and a principal 
plane, then ^ = and 0=0, 

«r» = /, y8" = 90*, a" = 90" -7", 

«» / sin' y" + /t'V cob' 7" 

= /*• sin* 7" + /*" cos* 7", 



and cos* 7" = ;, ^ , (cos* 7 + «r' — 1) 

fl 11 HT 

= 0*« sin' 7 ' + /* » cos' 7") (^ jjif-^ j ; 

c 

/. /t'tan'/ + A^^'= /^'\ , 

and tan 7" = — 7^^^-j — ?-a-T ; 

when 7 = 90°, we have y" the critical angle, and 

,, u! 

tan7 = — jf^ — -r-. 

In calc spar with Malus's values of fi and /i-', we find 7" in 
this plane to be 34°. 14' for the critical angle. 

Again, let the plane of incidence be the plane of yz^ and the 
plane of the equator of the spheroid, then <f) = 90° and = 90°, 
tir» = /A'»; a" = 90°andy8"=90°-7"; 

••• ^, = /*"(sin'7" + co8'7") = /t", 
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cos' 



„_ cos'y+fi""l ,, sin' 7 



. . ,; sin" 7 
8m*7 -—ir-j 



AS in ordinary refraction with fi for refractive index, and patting 
7 = 90®, we have the critical angle from 

. ;, 1 

sin 7 = - ; 

for calc spar in this plane we find the critical angle to be 42^. 23', 
whilst that of the ordinary rays in all planes of incidence ia 
37°. 12'. 

If we grind and polish a small plane such as aic, fig. 9, a 
principal plane at a solid angle of a crystal of calc spar, and 
cover it over with a piece of tin foil having a minute hole in it 
as marked in the figure, and then form aroxmd that minute hole 
as center, a spherical surface ABG, we may observe the appear- 
ances shewn in fig. 10. The spherical surface ABG being 
left finely ground but not polished, it serves as a screen to 
receive the ordinary and extraordinary rays when the small hole 
in the tin foil is turned towards the sun or flame of a lamp. 
Opposite the hole we see a single bright spot a where the two 
rays coincide; on each side of it in the principal plane we see that 
the two rays separate and the ordinary ray, which is polarized 
in that plane, is the ftirthest from a ; whilst in the plane at right 
angles to it, the ordinary ray is nearest to a. These are repre- 
sented in the figure by the spots marked e and o. Whpn the 
piece of crystal is turned about, it is very interesting to see how 
the ordinary and extraordinary spots turn about each other. 
The phenomena are in accordance with the above investigations. 

Art. 7. Though quartz is ranked with the uniaxal crystals, 
it has peculiarities which have been discussed in Part I. The 
two rays are to be considered as elliptically polarized, becoming 
circularly polarized along the axes of the crystal, and plane 
polarized at right angles to it. We may consider the sheets of 
the luminiferous surfaces as splitting each into two, polarized at 
right angles, as we approach the optic axis; of which one part 
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has a retardation of one-fourth of an interval behind the other ; 
and when the light passes along the axis the two parts of each 
lay become equal and then constitute circularly polarized light* 
One of the two rays in this manner becomes circularly lefi>* 
handed polarized light, and the other circularly right-handed 
polarized light, and they traverse the axis with different velocities: 
in right-handed quartz the latter travels quickest, and in left* 
handed quartz the former travels quickest. 

Art. 8. The most general case of a crystal which we can 
conceive, is that in three rectangular directions the velocities 
within it shall be all different, and if /l&^ is the index for a ray 
traversing the axis of x and polarized in the plane zx, and fij 
when it is polarized perpendicular to that plane; fi^ and fiy 
similarly the indices for a ray traversing the axis of y ; and also 
fig the index for a ray traversing the axis of z and polarized 
perpendicular to the plane of xz, fij that when polarized perpen- 
dicular to the plane of yz. Then the most general case would 
be when the quantities fi^, /ly, fi,, fijy /jLy\ fi,', were all different. 
Now we may imagine cases, where the luminiferous surfaces 
were ellipsoids and one within the other ; and other cases where 
two ellipsoids would intersect. The case of quartz approximates, 
with peculiarities, to the first of these, but we have no instance 
of the latter being met with. The case of biaxal crystals occurs 
as in the next Article. 

Art. 9. To consider the compositions of the velocities and 
polarizations of the luminiferous molecules along the three rect- 
angular axes in biaxal crystals, let OL, in figure 11^ represent 
the velocity of a ray in the axis Ox within the crystal which 
is polarized in the plane of xz, as represented by the letter \- ; 
and in the same way let OL' represent the velocity of the ray 
in the same direction when polarized in the plane of ay, as 
represented by the letter h . Let OM and OJlf represent in 
like manner the velocities and polarizations of the rays in Oy ; 
and ON, ON' those of the rays in Oz polarized in the planes of 
tfz and ocz respectively, as indicated in the figure. 

Now. a ray in the quadrant xOy would have its velocity and 
polarization determined by compounding OL and OM, or OZZ 
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und Oit^, and the fonner would be polarized in a plane passing 
through the ray and the axis Oz^ whilst the latter would be 
polarized in the plane of xy. By the same procedure OM and 
ON would compound together for the velocity of a ray in the 
quadrant yOz polarized in that plane ; and 0M\ ON' for the 
velocity of the ray in the same quadrant when polarized in the 
plane through the ray and the axis Ox. We have still to con- 
sider the composition. for rays in the quadrant xOz^ and we see 
that OL must be compounded with 0N\ and OL with ONj the 
former being polarized in the plane xOz, and the latter in a plane 
passing through the ray and the axis Oy. In this manner the 
re-composition with the results for the other co-ordinate planes 
cannot be continuous, when we require the velocity and polariza* 
tion of a ray passing from any where in the solid angle con- 
tained by the co-ordinate planes. 

We see hence how the break in the trace of the luminiferous 
surface in the plane of xz, arises in biaxal crystals* 

Art. 10. Prop. To determine which of the two rays belongs 
to the inner and which to the outer sheets of the luminiferous aur^ 
fuces^ in a plate of arragonite^ cut perpendiculaT to the line bisect 
ing the optic axes. 

Eeferring to the description of the experiments and figures 
(25) and <26), Part I., 

Let /ixy H'yy A*« ^^ the greater indices in the axes Ox, Oy, Oz 
respectively in figure (11). 

Let fi^, II*, II* be the indices in the axes Ox, Oy, Oz re- 
spectively for rays polarized perpendicularly to the former, and 
so that v being the velocity of the incident rays, we have for the 
inner sheet Oii = space in Ox, OJif*= space in Oy, 0-^= space 
in Oz, described in the same time ; and for the outer sheet, 
OU = space in Ox, OM* = space in Oy, ON' = space in Oz, 
described in the same time. 

In order to find which rays belong to the inner and which to 
the outer sheet, we must employ the method of Art. (5) for 
liniaxal crystals with the sphere and spheroid for Imniniferousr 
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surfaces ; and assume imaginary ordinary rays for the purpose of 
comparison. In that article we obtained the expression, 

tan e" _ ^ 
tan % " fi* ' 

Now if i' and i" are the angles in the plane of xz made with 
the axis Oz by the two refracted rays in biaxal crystals, let i^' 
and t" be the angles made by the supposed ordinary rays and 
refractive indices /ij, /jl, respectively. Since OL compounds with 
0^' in fig. (II), and OL' with ON. Also t being the angle for 
rays polarized in the plane of incidence, and i" the angle for those 
polarized perpendicularly to it. 

Then 



tan t fjbj^ 


and 


tan t" fi,^ 
tan i^' ,jlJ^ • 



Dividing one of these expressions by the other, we have 

tanr tantV _ yi^/./t/ 
tant' "^ tan e/' "/*;«. )i*,'«* 

But from the property of ordinary refraction, and t equal the 
angle of incidence, 



smt 



sm^i _ /*. __ A^« 



n 



sm tj sm* fig 



= 7 — rTf nearly, when «/ and i^' are small. 



tantj 



Therefore near Oz, by substituting, we have 

tant"_ fi, fij^ 

Eeferring to figure (11), the rays for the outer sheet near Oz 
have fig. and fi^ for indices, and % for angle of refraction ; whilst 
the rays for the inner sheet have fi^ and fi^ for refractive indices, 
and i" for the angle of refraction, and we have 

^>1 ^>1 

PH. OPT. C 
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Therefore i" is greater than t', in the plane of xZy and near 
Oz ; and the rays polarized in the plane of xz are nearer to the 
axis, and belong to the onter sheet, whilst the rays polarized 
perpendicular to the plane of xz are further from the axis and 
belong to the inner sheet. From this discussion we see on com- 
paring with figures (25) and (40), Part I, that the eyelet-hole 
is in the outer sheet, and the conical point in the inner one, as 
shewn in figure (26), the plane of polarization of the rays turning 
through ninety degrees as we pass from one side of the eyelet- 
hole or conical point, to the opposite side ; from the nature of 
the composition which has been described, and according with 
M. Biot's law of the polarizations. 

Art. 11. Prop. To find the equations of the lumimferoua 
surfaces in hiaxal crystals when the refracting surface is pefrpen^ 
dicular to the line bisecting the angle between the optic axes. 

As in the last two articles, let A*aj> A*y> A*« b© the largest in- 
dices in the axes Oxy Ot/y Oz respectively ; and fij, fij, fij the 
smallest indices in the axes respectively. 

Let a, fi, 7, be the angles which an incident ray makes with 
Ox, Oy, Oz, respectively; a', /8', 7'; a", /8", 7" those which the 
two refracted rays make with them. 

Let V be the velocity of the luminiferous molecules in the in- 
cident ray 80, figure (12). 

Let u be the velocity in the refracted ray OB' belonging to 
the outer sheet, and making angles a', ff, 7 with the axes. 

Let u be that in the refracted ray OB belonging to the inner 
sheet, and making angles a", P", 7", with the axes respectively. 

Then I, V, m, n', being the coefBcients which multiplied into 
the velocities in the axes respectively of the incident ray, give 
the velocities of the refracted rays of the outer sheet; and 
being the angle which the plane passing through Oz and OB of 
the inner sheet makes with the plane of xz ; ff that which the 
plane passing through Oz and OB' of the outer sheet makes 
with the plane of xz ; 

let tsr'=At/cos'5H-/^/sin'^, 
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and «r'* = fi^ cos' ff + ^^ sin' 0\ we have 

P = — 4 , and n*^ = ^ — ^ — 4 ^ within the optic axes, 

figs ^, .«r 

Z" = — ,4 , and 71"= ^ — 5 — 4 ^ without the optic axes, 

also To^ = — 3 . 

Mir 

Let 7 be the value of 7" in the plane of xz at the optic axis, 
or the angle AOz m the figure. Then in the traces of the 
luminiferous surface on the plane of xz^ there are breaks at A 
and A* the optic axes, and expressing the discontinuity by Mr 
Bawson's method*, let x ^^^ X ^ ^^ operating functions of 
discontinuity, and 

Now 7 - 7" being always positive, we have ^ = 1 for all values 
of 7" jfrom Oz to the optic axis -40, x = ^ for all values of 7" 
from AO \x) Ox. In the same way x = ^ ^^ ^ values of 7" 
less than 7, and x = 1 ^^ ^ values of 7" greater than 7. 

As before, we have 

« 2 f 72^ 2 8 /tt/w'cos'a' 
tt'cos'a =ZVcos'a; or cos'a = ^-= — 5 , 

4 4 , „ 9 « 9 a, V W COS 7 « ^ 

1* COS 7 =wVcos 7; or cos 7 = ^-^^ 2 ^— -cr^+l, 

within the optic axes ; and 

tr cos' a = ?Vcos' a; or cos a = ^- s , 



«5,,a2« 2 a,«rwC0S7 ;j,, 

w' cos' 7 = w 'v cos' 7 ; or cos" 7 = ^ ^^5 ' — «r^ + 1, 

without the optic axes. 



V 
2 '2^-2 «^„2^/ 



* See the Memoirs of the Literary and Philosophical SocUty of Manchester, New 

Series, Vol. vin. for 1847. 

C2 
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Alsot*«cos«/3'=mVcos'/8; or cos /8 = ^'^ '''" ^,^^'^\ 



Therefore substituting we have 
1 = cos*a + cos'/8 + cos* 7 

= 1^, 0*/ cos'a' + /*." ^r- cosV) - ^r" + 1} X 

+ K (/*;'cos»a'+ /*>-co8«7') -«r'*+ l|x' + A*»'*co8'^'^! . 

Now striking out 1 on both sides, whether x or x' is effective, 
and dividing down tt*, we have 

^ = 1 {O*««cos««' + /.."^"cos^y) X 

+ Oi.;* cosV + fi: vr'' COS* 7) X + m;* cos* /8'}, 

which, multiplying w* and ^ each by the titne squared (^), is the 
equation of the outer sheet of the luminiferous surface. 

The same procedure gives the equation of the inner sheet 
as follows : 

^=4{(m;'co8V + /*.Vcos«7")x 

+ {p.: cos*a" + m;V* cosV) X + /^; cos*i8"}. 
These are represented in figure 12. 

Art. 12. Prop. To find the angle between the optic axes in 
hiaocal crystals. 

At the conical point of the inner sheet the values of u are 
equal for the two parts of the expression affected by % and x* 
Then we have at the conical point 

/3"=90^ a" = 90°-7, 7" = 7; 

also in the plane of xz^ we have 5 = and «r* = fi^ ; then equating 

tsr* 
the two parts of the value of -72 we find 

/^;* tan* 7 + /^>/ = II* tan* 7 + M,' V/ ; 
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which gives the value of 7, and when fi^ = ft,'" the crystal be- 
comes uniaxal and 7 = 0. 

Mica is generally a biaxal crystal with large separation of the 
axes, but certain kinds have the axes very near together, and 
some are to all appearance uniaxal. In some crystals, such as 
topaz, the velocities of the polarized rays are the reverse of those 
taken as in fig. 11 to represent the case of arragonite, and the 
equation must be modified accordingly. Arragonite is some- 
times called a negative and topaz a positive crystal. 

Art. 13. Prop. To find ike angular separation of the two 
rays within the optic aoces, which arise from the same incident ray, 
and to find the radius of the eyelet-hole in the outer sheet. 

If ^ be the angle between the two rays, we have 
cos <l> = cos a cos a" + cos /8' cos /8" + cos 7' cos 7", 
and from Art. 11, within the optic axes, 

cos'a = fig, -5 cos'a = At, -2 cos^'a , 



t;" 



V 



2 - '2 



COS'^ = /^;* ^ C08»/8'= fJL^ ^ cos»/8", 

cos" 7 = M.'"«r'" -^ cos" 7 - tsr" + 1 = ^,V* ^ cos'7" - tsr' + 1 ; 



2 ^2 

3«<y = /tt.'^tsr" ^ cos'7' - 'cr'^+ 1 = ^,V* ^ 



substituting the values of cos a , cos ^', cos 7 from these expres- 
sions, we have 



^ = !ir54'cosV + ^,cos»r 

+ -^-7—/ COS% A / i 1 2 8 /2 '2 n \ U 

fijvr' 'VI M.^ «* cos' 7 j J 
and a similar expression may be obtained in terms of a, ^, 7'. 

Let ^ be the separation at the optic axis which is the radius 
of the eyelet-hole, when /8" = 90' nearly, aind a' = 90° - 7 ; then 
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omitting the small term with the factor («r' — -cr'") mider the sign 
of the square root, we have, since then w = w, w = /x-^j, «r' = fi^ , 

which gives <f> when 7 is known. 

Art. 14. Prop. To fini the retardation of one sheet behind 
the other when the rays have coincident directions. 

Taking ;^' = 0, and ^ = 1 in the equations of Art. 11, we have 

j' = i W*cos»a"+ A*.V» cos'V + 11,' cos»/8"}, 

and putting for coincidence of directions a" = a', )8" = )8', 7"= 7', 
we have, taking «r' = «r nearly, 

^ ^ ^ {(M;*-A*/)cos«a' + tir*(/..«-A*;«)cosV 



w'* w« tir»t;» 



+ (/^/-m;*)cos«/8'}, 



but, tan»7 = '^'y""^f^ 
therefore, sin' 7 = —i — ^,4 . 2/^% w< > 



putting 
we have 



-a --5 , 



1 1 7? 1 

putting ^= '^p a , and since a' = 90'*-7'+ a small quantity 



i? 



-BJ 
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near the plane of xz, where also cos 13' is small, let 

cos' a' = sin'y — A, 

where A is small, then the above expression becomes 

-75 5 = -^{-cos*7 (sin'7 - A) +sin'7Cos'7'+ Qcos'/S'] 

J? _ _ 

= -J {(cos 7 sin 7 + cos 7 sin 7 ) (cos 7' sin 7 — cos 7 sin 7) 

+ Q cos* ff + cos' 7 . A} 

JR — 

= -5 {sin (7 + 7) . sin (7 — 7')+ Qcos*/8' + A . cos*7}. 

In figure 13, let -4, B, A', P, be points on the surface of a 
sphere, whose center is and radius unity, also A, A' being the 
optic axes ; then OP being a refracted ray, let PB = 7 , AP= co, 
A'P= a\ and near the plane of xz we have 

AP= AB — 5P nearly, or c» = 7 — 7', 

u4'P= A'B + BP nearly, or c»' = 7 + 7, 

and -75 5 = -a sin o)' . sin 0) nearly. 



whence u — u= — r- — -75 5 1 

u +u \u u J 



u It , , , 1 

= -TT-o sin CO . sm (0 nearly: 

multiplying each side by the time in traversing OP we have 
the retardation 8 as follows, if T be the thickness of crystal 
traversed by the ray, and 

7= u X time, 

a """ a > 
c* J. • JXi • / • 

•*• o = -Tr-T-8in(» .sino), 
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which is M. Biot's approximate law for the retardation in biaxal 
crystals, and may be put imder the form 

If we put X =1 and % = 0, we have for points without the 
optic axes the same expression for the value of S, which is 
therefore general for points near the plane of the optic axes. 

Where the rays have emerged into air again we shall have 
the retardation equal to that immediately before emergence 
multiplied by the refractive index, and this may be supposed 
to be contained in the coefficient k. 



In order to compare the expressions which have been found 
for 7 and <^ in Arts. 12 and 13, with experiments, we require 
to know the values of the six refractive indices, or if any of 
them are equal it must be determined experimentally. Whilst 
it was supposed that all double refracting crystals were of 
the same class as calc spar, or were uniaxal, M. Mains* con- 
cluded that the single axis in arragonite was parallel to the 
axis of the prism of the crystal, and he measured the greatest 
and least values of the refractive index to be 1*693135 and 
1*534802. In sulphate of barytes he concluded the axis to be 
parallel to the small diagonal of the base of the crystal, and 
the greatest and least values of the refractive index to be 1'646842 
and 1-635242. 

M. Rudbergt, considering that three of the refractive indices 
according to M. Fresnel's theory were sufficient to determine the 
elasticity of the hypothetical aether in the principal axes within 
biaxal crystals, proceeded to determine them for arragonite and 
topaz, with sets of prisms cut from the same crystals, and having 
their refracting edges parallel to these axes. These suppositions 
required only three prisms to be made of each substance, and 
with them the refractive indices were found for the different 
fixed lines of the solar spectrum. Those for the fixed line F 

* M4moire8 des Savcms Mrangers, Tom. n. for 1811. 
+ Phil, Mag, for August, 1832, page 140. 



REFRACTION OF LIGHT. 



25 



coincide the nearest with the values of M. Malus above. For 
the fixed line E the values are as in the table. 



Arragonite. 


Topaz. 


1-53264 
1-69084 
1-68634 


1-62408 
1-61452 
1-61668 



K these crystals were conformable to the supposed rule of 
the undulatory theory, it still would require to be examined for 
others belonging to the oblique prismatic system of crystalliza- 
tion. 

Now the above values give the angle between the optic axes 
within the crystal or twice 7, from M. Fresnel's formula, to be 
19*. 53' and in air 33°. 51'. The measures in air were found by 
M. Eudberg to be about 32° and by Professor Lloyd to be 
31°. 56'*. Sir D. Brewsterf first measured the angle between the 
axes within a crystal to be 18°. 18', but on a careful re-examina- 
tion found it 17°. 33', and in air 29°. 56'. These results differ so 
considerably from the theoretical values that we may conclude 
the six values of 11 will not be found eventually to be reducible 
to three in arragonite. 

• Pha, Mag, for February, 1833, page 112, 
t lUd. for August, 1832, page 147. 



CHAPTER n. 

ON THE POLARIZATION OP LIGHT AT TRANSPARENT 

SURFACES. 

On the corpuscular theory, light must be considered to 
consist of molecules emitted in sheets following each other at 
the distance X, the sheets being perpendicular to the rays in 
ordinary media; and we require to consider each molecule as 
compoimded of atoms of various subtile matters, in order to 
account for the different properties of the rays as chemical, 
luminiferous, and heat-making. Such molecules, like the mole- 
cules of crystallized bodies, must also have axial and equatorial 

We find the phenomena of polarization to indicate that the axes 
of uniaxal molecules are in the luminiferovs surfaces^ and the 
planes of the equators are perpendicular to them and pass 
through the rays of light in ordinary media. 

When a beam of light is polarized in any plane, all the 
equators of the molecules, and therefore all the axes, are parallel. 
The plane 6i the polarization is the plane passing through a ray 
and the equator of the luminiferous molecules of that ray. The 
plane passing through the ray and the axis of the molecule is 
consequently at right angles to the plane of polarization. 

When a molecule arrives at 0, figure (14), let qSe be the 
plane of its equator ; then the plane of polarization of the ray 
80 is the plane qSe. 

Let Op be the direction of the axis of the molecule ; NO 8 
any other plane making the angle NSq = a with the plane of 
polarization ; 8p an arc of a great circle through p. Then the 
angle N8p = 90^ - a. 
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Abt. 15. Prop. To investigate the law of the polarization 
of a beam of light after reflexion at a transparent surface. 

Let 08 be the incident ray in figoie (15), OT the reflected 
ray, OB the refracted ray, and NON* the normal to the refract- 
ing surface at ; the axes of the molecules must be in the lumi- 
niferous surfaces for these rays. 

Draw a sphere with radius unity and center 0, meeting 08 

in 8j OT in T, and OB produced backwards in d. Let Op be 

the direction of the axis of the incident molecule, and Ot that 

of the reflected molecule ; then the angles 80p and TOt are 

each 90®, from the previous discussion. Now from experiment it 

appears that the axis of the molecule in passing from the 

direction Op to Ot goes through a position Oa in the luminife- 

rous surface of the refracted ray BOd; and that 08, Op, and 

Oa are in oiie plane, whilst Oa, Ot, and OT sue in another. 

» 
Draw the arcs of great circles JSNT, 8pa, da, Tta with 

center and radius unity ; we have 8p, da^ Tt, each 90®. Let 

the angle of incidence 80N= i = the angle of reflexion TON; 

and the angle of refraction BON' — i — angle NOd. 

Let a be the angle which the plane of polarization of the 
incident ray makes with the plane of incidence, /3 the angle 
which the plane of polarization of the reflected ray makes with 
it ; then, as before explained, the angle NSp = 90® — a, and the 
angle iVIl = 90® - /8. 

Now in the spherical triangles 8ad, Tad, since da = 90*, we 

have 

cos N8a =^ — cot 8d, cot 8a, 

or sin a = — cot {i — i') cot 8a, (1) 

cos NTa=:- cot Td. cot Ta, 

or sin /8 = - cot (i + i*) . cot Ta, (2) 

, . ^ sin 8Ta . ^ 

also sm Sa = -; — rncr sin Ta 

sm T8a 



COS 8 . rrr /**\ 

= — ^sm Ta (3) 



cos a 
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Eliminating 8a and Ta from the equations (1), (2), and (3), 

we have 

tan' 13 _ tan'g 

cos' {i+i') "" cos* (t — i') ' 

or extracting the square root and retaining the negative sign, for 
^ considered positive in the same direction as a, 

cos (% "^ Zl 

tan^ = -tana. ^^;. J , 

cos {t — ij 

which is rresnel's formula. 

When {t + i') = 90^ cos {i + H) = 0, then tan )8 = whatever 
tan a may be ; that is, the reflected light is polarized in the plane 
of incidence, even if the incident beam contained rays polarized 
in different planes. We see that when t + i = 90°, the reflected 
and refracted rays are at right angles, and 

4 = 90 — * , .'. COS i = sm t = , 

/I 

.*. tan i = /X-, 

which is Brewster's law for the polarizing angle at transparent 
surfaces. 

Fresnel's law as above has been examined by M. Arago and 
Sir D. Brewster*, and maintained by them to be strictly accurate ; 
M. Jamin however, by more accurate experiments, has found it 
to be only a first approximation! for the greater number of 
transparent bodies, but is the accurate law when the refractive 
index is 1*46. 

Art. 16. Prop. To investigate the law of the polarization 
of a beam of light after refraction at the surface of a t/ransparent 
hody. 

Let the letters in figure 16 refer to the same points as in 
figure 15. 

Then Oa being the direction of the axis of the refracted 
molecule, and da = 90°, the angle adS equals 90° minus the angle 

• Phil. Trans, for 1830, page 137. 

t Atmaks de Chimie et de Physique for 1850, Tome xxix. page 263. 
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which the plane of polarization of the refracted ray makes with 
the plane of incidence ; let 7 be this angle, or 7 = 90® — z adS^ 

,, sin /Sa sin oJ . ^ cos 7 

then —. — Ta= -= oji or sm ba^ ^; 

sin ado sm alSd cos a 

again, cos a8d=^ ^ cot 8d. cot 8a, 

. ^ cot {i-i') 

or tan oa = ^ . 

sma 

Eliminating 8a between these equations, we have 

cos'7_ cot'(t — i") 
cos* a " sin* a + cot* {i — i') ' 

cot* a (1 + tan* 7).= ., .. — ^. + -r-5- ; 
^ '^ cot*(i — «) sma 



or 



whence cot^ a = — 5-7^ — tr , 

cos* (* — * ) 

and cot 7 = ± cot a . cos (t — t'), 



or 



tan a 

tan 7 = ± ^. — ^ , 

cos (t — • ) 



which gives 7 as required, the lower sign to be taken when 7 
is measured in the like direction to a. 

Art. 17. Prop. To investigate the law of the polarization 
of a beam of light after emergence from a plate of a refracting 
medium. 

In figure 17, let 80 OR be the ray which has traversed the 
refracting plate, being incident at and emergent at 0\ Let 
Ob be the direction of the axis of the luminiferous molecule at 
emergence. Let OR be produced backwards to A, and let a 
sphere be drawn with radius unity and center 0', meeting the 
ray OO within the medium at d, then the points d, A, and J, 
being upon the surface of the sphere with radius unity and 
center 0', complete the spherical triangle Abd, We have, since 
Ob is in the luminiferous surface of the emergent ray, Ab = 9(f, 
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If 8 is the angle whicli the plane of polarization of the 
emergent ray makes with the plane of incidence, we have the angle 
dL4i = 90° — S; also as in the last proposition the ^ ^[4 = 90® — 7. 

To find 8 we have 

sin Adb sin dAb cos B 

—, 77 = —. — jT- , or cos 7 = —. — -j7 , 

sm-46 smrfi ' sma&' 

/. -^-TTt. = 1 + cot' ^ = 5T> (1) 

sm*a6 cos ^ 

again, cos Adb = — cot Ad . cot dby 

or sin 7 = — cot (• — •') .cot dJ, (2) 

and eliminating db between (1) and (2) we have 



. a 5. tan* 7 
tan' 6 = — 577-^.f\ 
cos*(»— ») 



•'\ > 



.•'\ » 



and from the last proposition tan 7 = ± , . _ .». 

. tanS = + — ^^^ -— *?5L?_ 

cos (1 — i ) COS* (t — » ) 

and the angle which the plane of polarization of the emergent 
ray makes with the plane of incidence increases as {i--t) 
increases. 

If a beam of ordinary light is incident upon a plate» the 
emergent beam is never completely polarized in one plane; but 
at high incidences, when cos'(t — «') is small, the polarization 
approximates towards being perpendicular to the plane of in- 
cidence. 

If a = 0, then 8 = 0; and if a = 90', then S = 90*^ also. 

Art. 18. Prop. To investigate the law of the polarization 
of a beam of light internally reflected within a refracting plate. 

Let O'B be, in figure 18, a ray reflected at 0* within the 
plate, and Ob as in the last proposition. 

A sphere being drawn with center 0' and radius unity, let it 
meet the reflected ray O'B in c, and the emergent ray produced 
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backwards in A. Complete the spherical triangle Ahc. Then if 
e be the angle which the plane of polarization of O'B makes with 
the plane of incidence, we have the angle Acb = 90** — e, since 
the axis of the luminiferous molecule will be 90** from the point c, 
and in the plane O'bc^ as in the other cases. 

Now the arc Ac = t + i\ and 

sin ch sin Ah 
sin bAc sin hcA ' 

1 cos* € 
.•. ^-7-r=l + C0t'cJ = 5^ (1) 

sm CO COS* 8 ^ ' 

Again, cos bcA = — cot Ac . cot cb, 

i. 1 sin € .. 

or cotic = -J-. — ^- (2) 

cot (i + 1 ) ^ ' 

eliminating cb^ we have 

tan' € = tan* S . cos* {i + f), 

extracting the square root and substituting the value of S, 
we have 

tan € = ± tan S . cos (t -f i') 

— tang cos {i + i') 
"" cos {i — ^") ' cos (t — i') 



?t\ • 



Art. 19. Prop. To investigate the law of the polarization 
of the emergent ray BT of fig. 16, which has wndergcme internal 
refleodon. 

Referring to the figure of the last article, where € is the angle 
made by the plane of polarization with the plane of incidence, if 
we look from B towards (7, we shall have — € for e, and apply- 
ing this value of 6 in place of 7 in the expression for the emer- 
gent ray BO', fig. 17, where we found 



tanS= + 



tan 7 



cos {i—i') * 



Putting f for the angle which the plane of polarization of 
BT makes with the plane of incidence, we have 
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^ tan 6 

tan c = T J-' — vx 

' cos (i — « ) 

— 4. tang cos {i-\-t) 
"" cos* (* — ' cos (t — «') ' 

Now when [i + »') = 90® for the polarizing angle of the first 
reflected ray at 0, we have tan ? = ; or the ray emergent at B 
is also polarized in the plane of incidence. 

As (i — «") becomes larger, cos(t — i") is smaller, and tan f 

cos a '\' it) 
becomes larger, and when ■ a/* — 4 ^^^^^^ unity, we have 

cos \% ""■ % J 

tan f = ± tan a, and f = + a, or the angle for the incident ray is 
also that for the emergent ray. 

When cos (* — *") is still smaller, then f is greater than ± a, 
but the quantity of light reflected internally becomes small on 
account of the large quantity reflected at the first surface. 



In the same way, by successive operations, the plane of po- 
larization of a ray emergent at either the first or second surface 
may be determined after any number of internal reflexions. 

In these investigations the change of the plane of polarization 
has only been considered. The depth within the refiracting sur- 
face at which reflexion takes place may be evidently different for 
a ray polarized in the plane of incidence to what it is for a 
ray polarized perpendicularly to it, and hence a reflected beam 
may exhibit, as M. Jamin* has found, elliptically polarized 
light, when the surface analyzes the incident beam into two 
before reflexion, which are polarized at right angles to each 
other. 

Art. 20. Prop. To investigate the polarization of the light 
which has undergone total reflexion within a transparent medium. 

* AnndUa de Chimie et de Physique for 1860, Tome xxix. page 263. 
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1 

When total reflexion takes place within a transparent me- 
dium we should expect the totally reflected light to consist of 
two parts, which represent the reflected and refracted rays of Arts. 
17 and 18. But the expression for the emergent ray was 



^ tan 7 
tan5=i 7T-^./x 

C08(t — t) 



.•/\ » 



where S is the angle made by the plane of polarization of 
the emergent ray with the plane of incidence, and 7 is that 
made by the plane of polarization of the incident ray within the 
medium. 

Since the phenomena of reflexion generally are deducible 

from those for refraction by putting /^=— 1, and therefore «'=--/, 

we have 

5. tan7 

cos2i V 

* 

which may be also easily obtained by a direct solution, drawing 
Oa the axis in the plane AOa and joining Ba in fig. 19. Now 
when the angle of incidence i' within the medium is 45**, we have 

tan S = 00 , 

whatever value 7 may have otherwise than zero ; or the repre- 
sentative of the refracted ray is polarized perpendicular to the 
plane of incidence. 

Again, for the portion of the totally reflected light, which is 
the representative of the internally reflected rays generally, the 
refracted ray ceasing as a separate ray, the axes of the lumi- 
niferous molecules must pass at once from being perpendicular to 
the incident ray to being perpendicular to the reflected ray ; or if 
Op in fig. 1 9, represents the axis of the molecule in the incident 
ray A0\ Ot that in the reflected ray 0B\ then completing the 
spherical triangle ApB we have Ap and Bt each equal to 90®, 
and Ot is in the plane BOp. 

Let the angle pjBi4 = 90® — €, and angle BAp = W — ^ as 
before, we have 

sin e = — cot 2i' cot Bj}, 

COB Bp 
sm 7 = . -., ; 
' sm 2i' 

PH. OPT. D 
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therefore eliminating Bp^ we have 

cos 2i' 
sm € = — sin 7 • ^^n =~2 — « 9c^v\ > 

and when i = 45^ sin € = 0, and e = ; or this portion of the 
reflected light is polarized in the plane of incidence and reflexion. 



We find this latter portion of the totally reflected light to be 

X 
8 



retarded a space - behind the former. 



It appears from this investigation that the rhombs to procure 
circular polarized light should have their acute angles 45®, and 
hence the results stated at page 38, Part I. 

The constitution of circularly and elliptically polarized light 
belongs to the subject of interference, and will be found discussed 
under that head. 



CHAPTER m, 

ON THE INTENSITY OF THE LIOHT BEPLECTED AT POLISHED 

SURFACES. 

The complete fisdlure of the formula (^ — - 1 which was found 

By Dr Young, M. Poisson, and M. Fresnel, for the intensity of the 
reflexion from. a polished surface at a perpendicular incidence, 
according to the undulatory theory, was pointed out in Part I., 
page 116. An easy method by which this failure may be tested 
by a comparative photometer was also shewn. 

Art. 21. The results of experiments by photometry, made 
by the author, are given in the same chapter for the reflected 
light at the first surface of crown, plate, and flint glass, in the 
table ; these results are the ordinates of an hyperbola mPn, as in 
fig. 20. 

Let be the point where a ray of light 8p0 ia incident on 
the reflecting surface xOx' ; Oy being at right angles to Oa?, we 
have the angle of incidence % equal to SOy. 

Take a distance OA = 100 parts, and let 100 rays be sup- 
posed incident in a beam near 0. 

Describe a circular arc ApB^ and from p draw the line ^PJf 
perpendicular to Ox. Let P be such a point that having 
OA = r, PJf = ^, OJf = a?, they are the ordinates of the hyper- 
bola whose equation is 



^ r-^d — x 



1)2 
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then giving the constants a, 6, c the values which belong to the 
particular refracting substance, we have PJIf = y representing the 
rays which are reflected at the angle of incidence pOy out of 
every 100 rays incident. 

The center c of the hyperbola is a point which is easily found 
from the equation ; for we have (y — a) (r -f 6 — a?) = c*, the equa- 
tion of the rectangular hyperbola referred to the asymptotes, and 
the asymptote GU is distant the quantity a from Ox^ whilst the 
other GD is distant b beyond the parallel line to Oy through A^ 

Now OJf = X is r sin t, therefore 

the rays reflected of every 100 incident = a + ^ rz : — !^ . 

•^ •' 6-fr(l— smt) 

By marking the observed quantities of the reflected light 
upon diagrams and searching for the numbers which best repre- 
sented the experiments, the author concluded that the following 
were t?ery nearly the values for the kinds of crown, plate, and 
flint glass which he used. 



Glass. 


Specific 
Gravity. 


'Refractive 
Index. 


Value 
ofo. 


Value 
of 6. 


Value 
ofc8. 


Crown... 
Plate ... 
Mint ... 


2-541 
2-511 
3-225 


1-524 
1-517 
1-570 


2-70 
2-58 
2-63 


1-04 
1-13 
1-44 


76 

81 
100 



We obtain the nun^ber of rays reflected at the perpendicular 

incidence, by putting t = 0, to be a H r ; so that the reflexion 

at a perpendicular incidence depends upon the properties which 
determine the values of the whole of the three constants a, 
b and c. ^ 

The number of rays reflected at the highest incidence is 
found, by putting i = 90°, to be a + t > ^.nd the three constants 
are again involved in the value. 
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This last is never equal to 100 the number supposed incident, 
as Fresnel's hypothetical formula gives it; as will be seen in 
the table of the values of the reflexion at different incidences 
at page 114, Fart I. 

Art. 22. The physical properties on which the values of 
the constants depend are still unknown to us, and it will be ex- 
ceedingly interesting to find if the light which enters the medimn 
at the highest incidence should be found for other substances to 
be a function of the specific heat for equal bulks, as the author 
found for the above glasses, together with speculum metal and 
steel, and given at page 115, Part I. 

Art. 23. In the original papers in Brewster^s Edinburgh 
Journal of Science the investigation of the reflective power of 
the second surfaces of the above kinds of glass are given; and 
after allowing for the quantity reflected at the first surface and 
absorbed by the glass, it was found to be the same as at the first 
surface, and is therefore represented by the above formula. 

Art. 24. The reflexion of highly polished metals is of an 
entirely different character to that of glass ; as shewn at page 
115, Part I. The quantity reflected .of every 100 rays incident 
being set off in a geometrical construction like that for glass 
(fig. 20), they are found to be the ordinatesfor a straight line, as 
QPR, figure 21 ; or ^ representing the number of rays reflected 
of 100 incident, we have the equation, 

y = oaj + J. 

For speculum metal highly polished so that when placed 
near the flame of a candle the surface could not be seen, the 
following were found for the values of a and 6, when 

X = 100 sin /, 

a = trig. tang. 355' "12', 

b = 72-3 

For highly polished hard steel the values were found to be 
for a nearly the same as for speculum metal, but for b a value 
nearly 10 less, or J = 62*3, nearly. 
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Abt. 25. It is still desirable to detennine the intensity of 
the light reflected by glass when the beam of incident light is 
polarized in any given plane. The formula above given, where 
the intensity is represented by the ordinate of an hyperbola, may 
be put into a form which will most probably be found to agree 
with experiments. These experiments may be made without 
diflSculty with the comparative photometer, by remembering that 
we may use an analyzer in place of a polarizer for one of the 
two reflexions which are to be compared. 

Ordinary light being considered as made up of two portions 
polarized in any two planes at right angles to each other, at a 
perpendicular incidence and at the highest incidence they will 
be equals ; and again, when the beam is considered to consist of 
one half polarized in the plane of incidence and the other half 
polarized in the perpendicular plane, then this latter will give 
no intensity for the reflected beam when incident at the polariz- 
ing angle upon the reflecting surface. These data suffice to put 
the formula for the ordinate to the hyperbola into the following 
form for polarized light. 

The incident beam being supposed to consist of 100 rays 
polarized in a plane inclined at an angle to the plane of 
incidence, and e = the angle of incidence, then 

The intensity of the reflected beam 

P c*-^l +yLt . /f-^J .cos2d.sin2iT-| 
"2 r"^"^ ^ + r(l-sln*') J- 

With regard to the coefficient fi a/(^ , or — ^, we must re- 
member that the constants a, J, c' are only approximately deter- 
mined from experiments. 



CHAPTER IV. 

ON THE INTERFERENCE OF ORDINARY LIGHT. 

In the fiindamental experiment of interferences for which we 
are indebted to M. Fresnel, the light which has radiated around 
a luminous point, is made by two plane mirrors slightly inclined, 
or by a very obtuse-angled prism, to radiate as if coming from 
two points near together, and the two beams thus produced on 
meeting, being in a fit state, interfere, producing a series of 
bright and dark bars, as described in Part I. page 48. 

Art. 26. Prop. To find the valtie of the lumtmferoiLS in" 
terval \ from the experiment of the two mirrors sUghdy inclined. 

Let a, h be the the points in fig. 22, from which the light 
radiates after reflexion by the two mirrors; it Was shewn, in 
Part I. page 52, how the distance ab is determined experiment 
tally, and therefore may be supposed to be known. Again, the 
distance from a and b of any point /?, where the luminiferous 
surfaces meet and interfere, can be measured, and will therefore 
be known: also by means of a micrometer and eye*piece, the 
distance from p to y, where the interference is again of the same 
character as at p^ can be measured in the field of view, and will 
be therefore again known. Now r being the succeeding place 
of like interference with p^ We have pr^\ and on account 
of its smallness compared with pq we may consider the triangle 
pqr as rectilineal, and the angle pqr equals the angle api, since 
the luminiferous surfaces are at right angles to the rays re- 
spectively ; and the triangles pqr, apb are similar ; 

ah pr 
•• fa'^ pq' 
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and »r = \ = — x pq. 

^ pa ^^ 

If we put oJ = 2a, pq = rriy and pa = ?, 

we have \=-j-.m, 

as required. 

Reciprocally, we have when \ is known, 

2a 

We see that the places of like interference occur at equal distances 
m very nearly, and the breadths of the bright and dark bars 
are proportional to \, and therefore are narrowest for violet and 
broadest for red light. The middle bright bars are in this 
manner coloured in ordinary light, red on their outer edge and 
violet on their inner edge, and the colours are symmetrical on 
each side of the line which bisects perpendicularly the distance 
a8. 

By this symmetrical arrangement of the colours we are 
enabled to judge which is the middle bar, where the rays have 
travelled over equal spaces along the bisecting line in figure 22. 
In normal circumstances when the sun is high in the heavens 
and the atmosphere without cloud or haze, this central bar is 
seen black, contrary to the undulatory theory, with the colours 
of the bats symmetrical on each side of it. The author, to form 
a luminous point in an unobjectionable manner, used a convex 
mirror of speculum metal*, so that the rays from the virtual 
image of the sun had not been in a previous state of interference 
near a caustic. 

Art. 27. Prop, From the ohaerved phenomena of Newtan s 
transmitted rings, to investigate the formula for the intensity when 
beams of different brightness irUerfere. 

It was explained in Part I. page 73, how Newton's trans- 
mitted rings being produced by interfering beams of very dif- 

* Phil. Mag, for May, 1840, page 380. 
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ferent intensities, pointed out the conditions to which the true 
interference formula must be conformable. 

The ratio of the intensities of the two interfering beams 
being the same for all colours, but very unequal (as 1 to 900 
nearly), that of the compound beam was found to depend upon 
the colour, or upon X; this shews that the required formula is an 
exponential fimction in \ of the retardation of one of the beams 
behind the other. 

Taking the figure 68, Part I., or fig. 23, which is the same 
enlarged. Let OAABBB be the thin transparent film. 8A 
a ray incident nearly perpendicularly to the film, which gives 
rise to a reflected ray AP and a refracted ray AB. The refracted 
ray gives rise to a transmitted jray BR and a reflected ray BA. 
The reflected ray BA gives rise to an emergent ray AQ and a 
reflected ray AB^ of which the chief part is emergent at B in 
jBT, but another part is reflected again at B^ and so onwards. 

Now the luminiferous surface of the incident light, of which 
8A is one of the rays, is perpendicular to the ray ^ at Jf, and 
at an after period of time gives rise to the four luminiferous 
surfaces at tw, w, ^, y, which are perpendicular to their respective 
rays ; and the retardations mn and pq^ are the equivalents in air 
to the space AB + BA in the film, or if /* be the refractive 
index of the film, then 

mn ^pq = /*(-4jB+ BA). 

The intensities of the beams interfering after reflexions at A 
and B are not greatly different ; being about ^th of the incident 
light in glass, that at B having suffered loss from the first 
reflexion at A^ from absorption within the film, and the second 
reflexion at A only. For these reasons the interference rings 
or curves are bright and black alternately in homogeneous light, 
from the reflected light of which AP and AQ are rays. 

In the transmitted light, of which the rays have emei;ged 
at B and B\ the intensities are very different ; the first emergent 
light having its intensity but little less than that of the incident 
light, whilst the interfering light has been reflected both at B 
and A^ and its intensity is ^th of ^th of the incident light, 
with a deduction for small losses. Hence the transmitted rings 
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and curves are faint ; but seen in the different parts of the solar 
spectrum, the bright and dark rings have very different relative 
intensities. 

From this we find that the intensity in different parts of the 
solar spectrum is au exponential function in \, of some base 
peculiar to each colour. The experiments described at page 76, 
Part I. lead us to the following forms. 

Let / be the intensity of a beam of light for which the 
luminiferous interval is X and the base L ; then 

where i/ is a constant depending on the system of measures 
employed; with the English measures in inches it is about 
150,000; or if the values of \ were measured in imits of ti^oo*^ 
of an inch, then v would be unity. 

When we have two interfering beams, it is clear the bases 
must be compounded for a hew base raised to the power v\ for 
the peculiar colour of light. Now the bases compound by the 
law of the parallelogram as stated at page 74, Part I. the angle 

being in the ratio to four right angles, which - plus or minus the 

retardation, supposed less than \, is to \. 

When the retardation is greater than X the ratio is that of 
^ plus or minus the excess of the retardation above an integral 
multiple of X, to X. 

Now the contiguous angles of the parallelogram being equal to 
two right angles, or one the supplement of the other, then when 
anatropy exists we have to take the diagonal joining the other 
angles to those in the normal case. 

If I and T were the sides of a parallelogram inclined at an 
angle 5, L the diagonal from that angle, then 

i« = ?+Z'«-|.2ZZ'cos5. 
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These being the bases of interfering beams of light, we have 
the interference intensity /thus expressed: 

/= {LY^ = |P + P + 2ir cos 0}r. 



Let S be £ie retardation of jp^ in fig 23, then 



5 = 27r 



'(•*f)- 



and co8 5=cos (7r± -r— J 



-003(2^-); 



Now when 8 = 0, where the two surfaces of the film have no 
sensible interval, then 

and there is a dark curve, as seen in the first dark ring of New- 
ton's transmitted rings, around the central bright spot ; where the 
two surfaces of glass are in optical contact, and near it form only 
one reflecting surface, shewing a gray light. 

There are dark curves again when 

8 = X, or 2\, 8X, &c....nX, 
and n is any integer, since we have as before 

wi s^ ^ 3\ 5\ ^ 2^+1 _ 

When 8 = -, or -^^ -^ » &c....— ^^ — \, 

and n is any integer, we have 

/=(P+Z'«4.2zrp 



44 ON THE INTERFERENCE 

and there are a series of bright curves alternating with the former 
dark ones. 

Now the ratio of these intensities in the bright and dark 
curves or rings is 

intensity in a bright curve _ /? + f V^, 



intensity in a dark curve 






and taking the twice reflected light ^p^th part of the first 

900 

emergent light, or • 

intensity in a bright ring 9 00*^^ 

intensity in a dark ring j^^fi^ ^ Y^ 

^ 900»^ 






^900"^ - 1 



In red light this ratio was found to be about 3* 6 by experiment. 

In green light 2*4 

Between the violet and indigo 1*56 

Taking the values of v\ which produce these results, we find 
them ,to be rather more than 3*8 for the result in red, a little less 
than 3*4 for that in green, and about 2*7 for that in the indigo- 
violet. 

These agree very closely in giving v = 150,000 for the values 
of \ in Dr Young's table, page 70, Part I. 

Art. 28. In Hiq reflected light, one portion has been re- 
flected at the first surface and the other at the second surface of 
the film, and we have anatropy , so that the other diagonal of the 
parallelogram is to be employed in the composition of the bases 
of the interfering lights* We have mw consequently the inten- 
sity / as follows : 



I^(p+P + 2ircoB27r^\ 



OF ORDINARY LIGHT. 45 

And now Z = f nearly^ and if /' be the intensity of either of the 

1 

reflected beams which equals ~th of that of the incident light 

nearly, we have, 



/=r^(2(l4-cos27ry 



2 



1 +C03 27r 



w- 



When S= 0, or \, 2X, &c....n\, where n is any integer, then 

and the intensity is a maximum at the distance from C fig. 23, 
where the minimum intensity occurred in the transmitted light. 

When 0=-, or — , — , &c.... — ^r — X, where n is any 

integer, then 

7=0, 

and there are black curves at the distances from G where the 
bright ones occurred in the transmitted light. 

The two series of reflected and transmitted curves on being 
superposed in M. Arago's experiment, nearly but not entirely in 
all colours, obliterate each other, and produce, as will be found 
on applying numerical calculations, a nearly uniform Ught. 

When we know the values of \ and the correct fommla fbr 
the intensity of interfering lights, we may easily investigate the 
phenomena of interference in any cases. 

Art, 29. In the eoDpertment of the two mirrors slightly in- 
clined^ to find the nature of the interference at a given point. 

Let a and h be the points from which the beams of light 
radiate after reflexion by the two mirrors, in fig. 24. 

Draw Ox the axis of x bisecting perpendicularly the distance 
oJ, and Oy the axis of y through a, 0, and J. 
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Leta&=:2a, and taking any point P, let OM=x^ Pilf =y be 
its coordinates which are given; also a and y are supposed 
small compared with x. 

Draw Pa and PJ, then 

Pa = V{a?+(y-'an 

{y - of ' , 

and similarly P6 =: a; + •^^^-; — ^ , nearly. 

Now the retardation 

h^Ph-Pa 

2aj 

= -/ ? nearly, 
and the interference at P 



= /= |p + Z'« - 2Zr cos 27r |K 



Since the beams are of equal intensity and Z= l\ let the intensity 
of either = P-(^)''^ 



then /= t^ |2 [ 1 - cos 27r -J 



I'A 
T 



./■|.(,- 



cosStDI'. 



When 8 = 0, or \, 2\, &c. ... n\ where n is any integer, then 

7=0, 

and we have a series of black bars nearly equidistant, since 
i varies as y, nearly. 

When 8 = 2 ' T' T' &c. ... — ^ — ^» 
and n is any integer, then the intensity is a maximum, and 
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or there are a series of bright bars alternating with the dark 
ones. 

For intermediate values of S, we have 

and there are intermediate intensities. 

In white light the bars are coloured, arising from their 
breadths depending on \, for each homogeneous tint ; and from 
the mixture of colours only a few bars are distinguishable. 

Art. 30. Prop. To determine the velocity with which light 
traverses a plate of glass. 

The proof given by Dr Young, that the velocity of light in 
any medium is inversely proportional to the refractive index, 
from the contraction of the radii of Newton's rings when water 
was placed between the lenses by which they were formed, is 
suflScient for a perpendicular incidence. The experiment here 
discussed, which was first tried by M, Fresnel, is nevertheless 
important from its corroborating the other method for a direct 
incidence, and it may in some future time serve to determine 
whether the same rule holds for oblique incidences. From 
the author's experiments* it appeared that light might be even- 
tually found to move slower for oblique incidences than for the 
perpendicular one. 

Let a and h (figure 25) be the luminous points of the last pro- 
position, and let a plate of glass with accm'ately parallel and 
plane surfaces be placed at c dg h, perpendicular to the line A 
which bisects perpendicularly the distance ah; then the inter- 
ference will be seen in the light which has passed through the 
plate, nearly as if it were not there. Now if the plate be divided 
into two by a diamond cut ef we may turn one of these pieces 
into a new position fk, and the interference which was seen 
originally at A will be found to have descended as the plate yX; 
was gradually inclined to a place A'. Now the time of travers- 
ing the distances in air and glass from a and b to A, being the 

• PhU, Mag. for 1833, Vol. ra. p. 333. 



48 ON THE INTERFERENCE 



' e 



fiame, it will be so also in regard to traversing the distances in 
air and glass to A\ Let m and m' be the distances in air, 
8 and 8' the distances in glass travelled from a and h respec- 
tively to A\ which are to be determined from the measures in 
the experiment. Let v be the velocity of light in air, u that in 
the upper piece of glass, u that in the lower. Then since the 
velocities are uniform, 

space described , , 

time = — i — r- , and we have 

velocity 

m 8 m! 8' ' 

1 = 1 7 . 

V U V u 

Now, if the velocity of light in glass is the same at all in- 
cidences, we have u = u\ and the above equation will determine u. 
At a perpendicular incidence very nearly the experiments agree 

with the other method in giving w = — , but they leave room to 

suppose that u' may for high incidences be sensibly different 

from — . 
/* 

These experiments require great nicety and good instruments. 

Art. 31. Prop. To investigate the radii of Newton's rings 
when formed between spherical surfaces of given curvatures. 

The thin film of air being formed between spherical surfaces 
of given radii, the thickness of the film at any given point is 
easily expressed. 

Let ACB (figure 26) be the thin film of air between the 
spherical surfaces of the lenses which are in contact at C, with 
the common normal OGO' passing through and 0\ the centers 
of curvatures of the surfaces. The interference is that of the 
rays arising from a ray 8 A incident nearly perpendicularly, 
having the retardation mn in the reflected rays equal to jpq in 
the transmitted rays, and equal to twice AB the thickness of the 
plate of air. 

Now drawing AM, BN perpendicularly upon OGO, we 

have 

AB=GM-\-GK 



or 
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Let r = radius of the upper spherical surface, 
r = ••• lower 

and R = MA or NB the radius of the interference ring round (7. 

Since GM and GN are the versed sines of the arcs GA and 
GB respectively, we have 

^^ AM^ i? - 

and the retardation 8 of the interfering rays = 2 . MN^ 

If the retardation occurred in a beam incident obliquely, we 
should have it of another form, as shewn in the next article. 

Substituting the value of S in the formula for the intensity I 
in the reflected rings, we have 

/= |p + r + ill cos 27r :^ (i + i)!"^, 

or, since Z = T, if /' be the intensity of the reflected light at -4, 

then /=7'[2|l+cos2,rf (i + i.)}]^ 

and the bright rings occur where 

where n may be any integer; and with a bright center where n=0, 

^ "= — ; — T) 

which gives the radius R of the bright ring, when n and \ are 
given. In the same way the radii of the black rings are deter- 
mined from the expression 



^(1.1)=?^.., 



PH. OPT. E 
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and jy^ (2n+l)^-,^.^' . 

2(r+r) 

Giving n the series of values 1, 2, 3, &c., we have the radii 
of the bright rings proportional to the series of numbers 

1, V2, V3, &c., 
and the radii of the black rings to the series of numbers 

1, V3, V5, V7, &c., 

as found by experiment. 

Similarly in the transmitted rings with a dark center, the 
radii of the dark rings are proportional to the terms of the series 

1, V2, V3, &c., 

and the radii of the bright ones to the terms of the series 

1, V3, V5, &c. 

Art. 32. Prop. To investigate the interference phenomena 
of thin plates when the obliquity is considerable. 

Let GAADBB' in figure 23 be the thin film as before, and 
let the letters refer to points analogous to those in the previous 
propositions, and draw Bb the perpendicular thickness t of the 
film at B. 

Let Am be the distance in air of a luminlferous surface fi^om 
-4, when the one from the reflexion at B arrives at A ; then i 
being the angle of incidence, i' that of refraction, we have 

Am=^li{AB + BA') 
= 2iit sec i\ 

since the surfaces may be considered parallel for the small space 
AA\ 

And An = -4-4' sin t = 2t tan i' . sin « ; 

.•. the retardation 8 = Am — An 

= 2t(ji sec i' — tan i' . sin i) 
l-sin^-'> 



'^ \ cost / 
= 2tfi cos i\ 
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This is the formula for the retardation in the colours seen 
obliquely on the soap bubble and other thin transparent films. 
It becomes 

8 = 2^ cos i 

for the thin plate of air between surfaces of glass or other trans- 
parent bodies, since for air /* = 1. And t is put for the angle 
between the ray and the normal to the surfaces. The thickness 
and the forms of the outer surfaces of the lens or prism do not 
aflFect the interference due to the thin plate of air, on account of 
the relation between the velocity in the medium and the re- 
fractive index. 

Art. 33. Prop. To investigate the measures of Newton^ s 
rings seen at considerable obliquities. 

In Art. 31 the perpendicular thickness t of the plate of air 
between the lenses near the point of contact C is MN in fig. 26, 
and therefore 

8=i?f- + -7) cos*. 

\r r J * 

Now when S is constant for any given ring, we have 

^ rr\ 8 sec i 

r -)r r 
and R varies as V(sec i). 

Newton found the experimental result not quite the same as 
this, and he has given the rule accordingly*; but it has been 
usual to consider the reflected rings as commencing with a black 
central spot, and the reaction of the two reflective surfaces upon 
each other near the point of contact may produce the difierence 
observed. In the theory again the surfaces of the lenses are 
considered the reflecting surfaces, which may not be quite ac- 
curate, as the reflective power of a surface depends evidently 
upon other properties than the simple extentf of the dense par- 
ticles of bodies. 

* Opticlcs, 3rd ed. p. 180 ; Herschers Treaiiie on LighJt, Art. 639. 

t See B&port of (ke first Meeting of the BriMah AtsocuAion ait York, in 1831, p. 74. 

E 2 
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On Diffraction. 

Since it can be easily demonstrated by experiment, as de- 
scribed at page 56, Part I., that a considerable and visible quan- 
tity of light is reflected from the sharpest edge to which any 
substance can be brought, and is also inflected into the shadow, 
we have sufficient and evident reasons for the interference of 
light which is produced by diffiraction. 

Art. 34. Prop. To investigate the interference near the 
geometrical shadow of a body placed in the light which radiates 
from a luminotis point. 

Let be the luminous point, A the edge of an opaque body, 
GPB a screen, or the field of view of an eye-lens with which the 
difiraction fringes axe seen. 

Let the straight line OA meet the screen perpendicularly 
at B, then B is the boundary of the geometric shadow of the 
body. The light inflected into the shadow will gradually shade 
away to darkness, but that reflected from the edge A meeting 
the direct light from will interfere with it. 

Let P be any point on the screen, and PB = x, which is 
small in the experiments, compared with OA and AB. 

Let OA = a, AB= J, and B the retardation of the ray which 
has been reflected at -4 in AP, behind the direct ray OP. 

Then 8 = (0-4 + ^P) - OP 

^a + ^/{b' + a?)^^{{a + by + a?} 



2 



[b a + b) 



a? a 
J'b{a+b)' 
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The intensity /at the point Pis given by the formula 



I=(p + P^2ll'coa2ir^' 



Now the light reflected at A being small for a sharp edge, 
compared with the direct light, therefore the difference of ihe 
maxima and minima given by the formula will never be large, 
and the bars' seen parallel to the edge of the body are faint. 

The minima occur when 8 = 0, or X, 2X, &c. ... nX, and n is 
any integer. Or at J3 and at a succession of points where 

^ a? a 



2 *b{a + b)' 

or where ^"^Vl a ^j' 

and giving n the successive values 1, 2, 3, &c., the distances of 
the dark bars from B are proportional to the series 

1, V2, V3, &c., 

and the bars are closer as they are further from B, as is easily 
seen in the experiment. 

The maxima of brightness occur when 

5, X 3X 5\ « 2w + l^ 

= 2, 01 Y^ 1"' &c. ...— g— X; 

,^ 2n + l^a? a 

and from — - — X = — . 



2*&(a + &)' 

giving n the series of values 0, 1, 2, &c., we have the series of 
bright bars in distance from B following the series 

1, V3, V5, &c. 

We see that these bars follow the analogy of Newton's trans- 
mitted rings, counted from a black center. 

The distance x of any bar depending on f/K, the bars are 
narrower in violet and broader in red light, and hence they are 
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strongly coloured, and only a few are visible in white light. 
The distance a; of a given bar depends also on the values of 
a and b. 

Art. 35. Prop. To investigate the interference vnthin the 
geometrical shadow of a narrow body placed in the light radiating 
from a Iwminaus poinU 

Let be the luminous point, AB the narrow* body whose 
breadth is 2a. Draw the straight line OcG bisecting AB per- 
pendicularly. Let PG perpendicular to Oct? be the screen on 
which the interference is to be examined, and Cc^b, PC= x. 
Now outside the geometric shadow determined by drawing lines 
from past A and jB, the interference is the same as that for a 
single edge investigated in the last article ; therefore let P lie 
between these lines, as in figure 28, and the interference then 
arises from the light inflected at A and B into the shadow. 

The retardation B of the ray PB behind PA is 

S^PB^PA 

= ^{b'+{a^xY}^^{b'+{a'-xy} 

^2ax 

Let / be the intensity of the light at P, then since we have 
anatropy * and Z = f for the equal bases of the inflected lights 
nearly, 

/=(P + r + 2H'cos27rJ)' 

\ A/ 



= r|2( 



1 + COS 47r 




The intensity is never very great from the small value of I 
for the inflected light. The maxima of brightness occur when 

8 = 0, or + X, + 2X, &c.... ± n\ 



• See Part 1. p. 67. 
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where n is any integer ; or there is a central bright bar, and a 
series of other bright bars on each side of it, for which 

. hnK 
x= + — , 
- 2a ' 

and giving n the series of values 1, 2, 3, &c., we see that the 
bars are at equal distances, unlike those outside the geometric 
shadow. 

When 8 has the values + - , ± -^ , ± -^ » &c.... ± — - — X, 

then the intensity is zero, or 

/=0, 
and a series of black bars alternate with the bright ones. 

The central bar, where S = 0, being a bright bar, whatever be 
the value of X, is white ; but the ones on each side of it in ordi- 
nary light are coloured violet on their inner edges and red on their 
outer edges, since the places of their maxima depend upon X. 

Cor. If the small body, instead of being a narrow parallelo- 
gram, is a small circular disc, the same investigation shews that 
there is a central bright spot with black and bright rings within 
the shadow, around it. 

Art. 36. Prop. To bIwvo that the hars of the last propo- 
sition at different distances Jrom the narrow body follow the course 
of hyperbolic arcs. 

This solution applies to other cases where light from two 
luminous points interferes, as for instance the light reflected by 
two mirrors slightly inclined. The point P being anywhere 
within the geometric shadow, let c be the origin of co-ordinates, 
and Cc = y, PC=x the co-ordinates of P. Now 8 being con- 
stant for a given bar, putting y for b the expressions of the last 
article become 

or S + V{/ + (« - xf] = V{2/" + (a + xY], 
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.from which we find 

■ <^(¥-.)-^-(«--?)-''. 

which is the equation of an hyperbola. 

Art. 37, Prop. When light from a very distant luminous 
point passes through an aperture in a thin opaque plate, which is 
a very narrow parallelogram^ to find the phenomena at any point 
upon the screen. 

Let BO be the perpendicular section, in fig. 29, of the very 
narrow parallelogram which is an aperture in an opaque plate, 
SAy SB, SG parallel rays of the pencil, of which SB and SG 
are diffiracted at the edges of the parallelogram. 

Let SAD be any line perpendicular to the plate and screen 
PD. 

Now P being a point where rays from B and G interfere, let 
AB=x, AG=x\ and PD=y; let also AD = a^ which is large 
compared with x and y. 

To find the retardation S = BP— GPj we have 

and 5i^- GP'= (5P- GP) {BP+ GP) 

=^B{BP+GP) 

= 2 (y — a?) {x' — x), nearly. 

When {x' — a?) is small, say — ^ th of an inch or smaller, and 
X very small compared with y, we have 

^_ 2y(a;^~a;) 
BP+ GP 



— ii L ^ nearly, 

a 



for a first approximation. 



OP ORDINARY LIGHT. 57 

Applying this value of 8 in the formula for the intensity Z, 
we have 



= |P+ Z'« + 2ZZ' cos 27r^^^^K 



which depends upon the breadth {x' — x) of th6 aperture, but not 
on the value of x supposed small compared with y, so that 
there may be a great number of such apertures, narrow and close 
together, which will satisfy the conditions, and the eflfect at F is 
the superposition of like results, and in the maxima produces con- 
siderable brilliancy. The minima will be nearly black, whilst I 
and I' are nearly equal. 

The maxima occur when 

^^ ^ = 0, or X, 2X, 3X, &c....nX; 

a 

and n any integer or a maximum occurring at D when y = 0, we 
have a succession of maxima at the equal distances, of which the 
first is 



y = 



X —X 

or using the angular measure with center A, 

y ^ 



a a; — a? ' 



this formula explains the ori^ of Fraunhofer's experimental 
laws* as follows, the experiment being made with a telescope, 
aa explained in Art. 42. 

" 1. The angles of deviation of the diffracted raya^ forming 
similar points of the systems of fringes produced hy different 
apertures^ are inversely as the hreadths of the apertures. 

" 2. That the distances of similar rays [the extreme redy for 
instance^ from the middle in the several spectra^ constituting the 
successive fringes, form in each case an arithmetical progression 
whose difference is equal to its first term, 

* Denkschrifien der Ahademie zu MUnchen fUr das Jahr 1821, and Herschers 
Treatise on Light, Art. 741. 
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" 3. That calling 7 the breadth of the aperture, in fractions of 
a Paris inch, the angular distances i', i", i'", &c., in parts of a 
circular arc to radius unity, of the extreme red rays in each 
fringe from the middle line, are respectively represented by 

X = -, i"= — , i'"= — , &c., where i = 0-0000211, and a 

similar law holds for all the other coloured rays, different values 
being assigned to L for each." 

It is clear that Fraunhofer's laws are only approximative, 
which was shewn also by his finding the colours mixed. 

Art. 38. Prop. When light from a luminous point pdssea 
through an aperture in a thin opaque pla^te, which is a long paral- 
lelogram and not very small, to find the illumination on a screen at 
a given point. 

Let be the luminous point in fig. 30, AB the section of 
the aperture perpendicular to the longer sides of the parallelo- 
gram. Draw 0AM, OBN, then between M and N the direct 
light falls upon the screen, and there is interference between it 
and the light reflected at the edges A and B; but outside M 
and -AT the rays reflected from one edge interfere with those in- 
flected from the other. 

The luminiferous surface at the screen will have the form 
IcmGnl*, and between M and N we shall have the two re- 
flected rays interfering with the direct rays and with each other ; 
this involves more complicated rules for the interference than we 
have considered, especially as the law of the relative intensities of 
the reflected lights is unknown. 

Draw OcG bisecting the distance AB in c, and meeting the 
screen perpendicularly at G. Take P any point where the inter- 
ference takes place. Let I be the base of the direct light at P, T 
and I" those of the lights reflected at A and B respectively. 
Then if i is the base at P from compounding Z, l\ and d the 
angle between them, we have 

i«=Z2 + r + 2H'cos^. 

• Part I. p. 54. 
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To compound L with Z" we require the angle between V and 
L. Now taking ^ the angle between L and Z, fig. 74, Part I., 

we shall have 

V 
sin ^ = y sin d^ 

which is small when V is small compared with Z, and we may 
approximately take the angle ff between L and Z", as between 
Z and Z'/, whilst Z is large between Jf and N] but outside Jf and 
-AT, Z = 0, and the angle ^ is that between V and Z". 

Then if i' is the base compounded fix)m 2/ and Z", or Z, Z', 
and Z", we have 

i'»=i*+Z"»+2ircos^ 
= p + r+Z"'* + 2ZZ'cosd 

+ 2V(Z'+Z'» + 2ZZ'cos^.rcos^ (1), 

and neglecting V under the sign of the square root, as small com- 
pared with Z, we have approximately 

i'« = Z«+Z'«+r + 2Z(Z'cos^ + rcos^) (2), 

and the intensity at P is 

also ^ = TT ± -^r— , ^ = TT + -^— . 

Between M and ^, 8 and S have the values determined as 
in Art. 34. For points beyond M and N, neglecting Z in the 
value of L\ we have 

i'« = Z'^+r + 2Zrcos^ (3), 

and /= (Ly , 

where ff must be determined as in Art. 37. 

• 

The results will be as follows : along the middle line c (7 there 
will be interference of the character such as would arise from 
a single edge, but brighter in the maxima and darker in the 
minima, as shewn by taking V = W and d^ff m {2). 
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On each side o{ C aa and f ' diminish, ff and f increase^ 
and the effect is modified from that of a single edge, depending 
on the distance of the screen from AB and the position of P 
between M and N. When the screen is near AB and P near M 
or Nj the effect becomes that of a single edge again. 

When P is outside M or N^ putting Z = in (1), we have 
as in (3), 

i'»=r+r+2zrcos^, 

the result of Art. 37, and the results are the same. 

We see from this discussion how the asymptotes of the 
hyperbolas in fig. 56, Part I., are the boundaries of the geome- 
tric shadows of the edges of the angular aperture and the line 
perpendicular to one bisecting the angle between them, through 
the point of meeting. 

The hyperbolic form of the fringes outside the points M and 
N is easily deduced from the approximate results of Art. 37, 
since we have 

and the breadth a?' — a? of the angular aperture and its shadow is 

proportional to the distance from the angle; let this distance 

equal z^ 

then y • ^ = constant for a given fringe, 

and this is the equation of an hyperbola referred to the 
asymptotes as axes of co-ordinates. 

Art. 39. Prop. When light from a luminous point passes 
through a small circular hole^ to find the result on a screen. 

Using the last figure, let the line OG pass through the center 
of the aperture ; the interference at the center G will be variable 
as in the last proposition, and we have a central spot as described 
at page 59, Part I. Near the central spot the interference is 
determined as in the last artide, and we have a series of varying 
rings around it. 

Art. 40. When light from a very distant luminous point 
passes through a grating consisting of a number of very narrow 
equal parallelograms^ set parallel to each other at equal distances^ to 
find the interference phenomena. • 
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Let AbcBO be the section of the grating, on which a pencil 
of parallel rays falls directly, as in figure 31. 

Let FD be the screen parallel to the grating. We shall have 
the interference as discussed in Article 37 fi-om the opposite 
edges of the parallelogram as (7, B, and c, b, &c. ; and Fraunhofer 
calls the maxima or bright bars spectra of the first class. 

We shall have also interference of the light inflected or re- 
flected from the like edges of the parallelograms as J, jB, and c, (7, 
giving spectra of the second class; and the distance BC=x*—xoi 
Article 37 must be replaced by hB or c(7, or the breadth of the 
parallelogram plus the breadth of the separation ; 

let J5 = cC/ = a;"-aj; 
we have as in Art. 37, if AD = a, PD = distance of the first 
maximum =^, then 



^ = 



X 



a X — X 



which, from the larger denominator,^ is smaller than the former ; 
or the spectra of the second class are closer together than those of 
the first class. 

By the interference of the light reflected at an edge b with 
that inflected fi*om another as G, spectra of the third class would 
arise closer together still, as observed by Fraunhofer. 

We should expect the way in which the grating was formed 
to influence the brilliancy which any class would have with a 
very great number of apertures. A grating formed with wires 
of gfo*^ ^f ^^ i^^^ ^ diameter, arranged at double that distance 
from each other, would fiimish a reflected light stronger than 
the inflected light. The reverse would arise if a like grating 
were formed with gold-leaf upon glass. 

Fraunhofer, with his fine gratings produced by lines drawn 
upon glass with a diamond up to the number 8200 in an inch, 
found the spectra of the second class to become so pure that the 
fixed lines of the solar spectrum were well seen in them. 
A pure diffiraction spectrum thus formed, is called the normal 
spectrum, to distinguish it from those produced with prisms, 
which depend upon the substance of which the prism is made, 
whilst the diffiraction spectrum depends on the values of X only. 
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The manner in which the spectra of the second class become so 
pure as to shew the fixed lines, is still a subject well worthy 
examination. It probably arises from the like reflexions of the 
interfering rays. 

Art. 41. Prop. The light from a luminovs pointy which is 
not 80 distant that the rays can be considered parallel^ passes 
through a narrow parallelogram in a thin plate; to determine the 
eixpression for the interference at a given point. 

Let be the luminous point, BG the section of the aperture 
in figure 32, P any point on the screen FD. Let OAB be per- 
pendicular to the plate and the screen ; and 

0^ = J, AB=^a, AB = x, AG^x, PB^y. 

Then the retardation 8 of the ray 05P behind OGP is 

(0J5 + PP)-(0a+CP), 
or following the method of Article 37, we have 



S = (aj'-a;)(^|-|j, nearly, 



and S is not now independent of a?, which must be remembered 
in making experiments. 



Biffraction with a Telescope. 

Art. 42. It has been shewn that the difiracted portion of 
a luminiferous surface radiating around a luminous origin 0, 
figure 33, would after passing a straight opaque edge of a plate 
-4, have its section perpendicular to the edge of the form pBP. 
In the section parallel to the edge A its form would be un- 
changed. 

K now a telescope be directed towards 0, of which G is the 
object-glass in figure 34, and e the eye-glass, adjusted to view 
distinctly the image of the luminous point 0, as at j, the common 
focus of the lenses and e ; then the rays which pass through 
the object-glass at a distance firom the edge A^ when placed be- 
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fore the object-glass and partly covering it, will be brought to a 
focus at ^2^ as a bright point; but the rays which have been 
diffracted at the edge A will not be brought to a focus at t;^, as a 
lens does not affect the divergence of a pencil diverging from a 
point at the lens. This is seen from the discussion of the formula 

of geometrical optics* - = -^ — > where / is the focal length of 

a lens, u and v are the distances of the conjugate foci from it ; 
now when w = 0, we must have t? = also; so that the rays 
diverging from the point -4, figure 34, supposed at the lens, will 
after emergence from it diverge from A still. 

In this way the diffiracted light is acted upon parallel to the 
edge, like the rays forming the image j ; but perpendicular to the 
edge its radiation from the edge is unaffected, and hence it is 
collected into a line aqb passing through the image at right 
angles to the edge A. 

Art, 43. K an aperture in an opaque plate, which is 
hounded hy sl/ratght lines, be placed before the object-glass, the 
bright image of at j has a ray like oJ through it, for each side 
of the polygon, which is the aperture. 

When a triangular aperture, which is small in proportion to 
the focal length of the object-glass, is placed before it, we have 
the six-rayed star of figure 61, Part I. ; and the light in the 
rays interfering, we see the rays cut off from the center. 

When a long and narrow aperture which is a parallelogram, 
in an opaque plate, is placed before the object-glass, the bright 
rays as ah, fig. 34, from the two sides coincide in position and 
direction, but their light interferes, giving a set of short lines 
with dark interruptions between them, to make up the longer 
lines of rays. 

When the aperture is a small square, we have a rectangular 
cross through the bright star-like center, which is broken up into 
portions shewing bright and dark spaces by interference, and 
the light passing near the angles modifies the phenomena also. 

• Potter'fl Optica, Part L p. 80. 
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When the telescope in these experiments is out of focus, 
there is a more complicated interference, as described in Part !• 
page 63. 

Art. 44. When the object-glass of a telescope is covered 
except a small circular aperture, the image of a luminous point 
is surrounded by coloured rings which become broader as the 
diameter of the aperture is smaller in proportion to the focal 
length. It is immaterial on what part of the object-glass the 
aperture is left; so that if we have several equal circular 
apertures, they give only one image and set of rings, but of 
brighter light than if there were only one such aperture. The 
cause of the appearances is easily seen by combining the effect 
of the object-glass with the diffraction arising from the edges of 
the aperture, as discussed in Art. 39 ; the object-glass refracting 
the rays which pass through the central part of each aperture in 
the regular manner, as if there were no diffraction, and the inter- 
ference taking place symmetrically around these lines. 

The spurious discs of the fixed stars shewn by telescopes 
are the diffraction central spots arising from the edges of Ihe 
object-glasses covering the true image of the star. The discs, 
and the rings seen around them increase in size as the aperture 
of the object-glass is diminished. 



On the Interference of Light near a Caustic. 

When Huygens had discussed the forms of the luminiferous 
surfaces in calcareous spar, he traced also the forms which the 
luminiferous surfaces woidd assume after reflexion and refraction 
at spherical surfaces; but the discovery of interference as an 
essential property of light was reserved for Hooke and Young ; 
and the discovery of the interference near a caustic after reflexion 
or refraction fell to the author's good fortune. This case of 
interferences has proved an important experiment from its fur- 
nishing a decisive test of the truth of theories of light, the 
experiment shewing results at variance with the fundamental 
principle of the undulatory theory. 
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Art. 45. To find geometrically the farm of the luminiferous 
surface after a diverging pencil has been reflected hy a concave 
spherical mirror. 

Let Q be the luminous point, BAB the spherical mirror 
whose center is 0, and q the focus conjugate to Q in fig. 35. 

Let aqd be the caustic curve, then when the central part of 
the luminiferous surface arrives at m after reflexion, that surface 
will consist of portions Ja, ama!, and o!b' in the figure having an 
edge of regression at the caustic surface, or in the section of the 
figure, cusps at a and a upon the caustic. The branches ai, ama'y 
and aV are involutes of the caustic, and orthogonal trajectories 
of the system of rays. As the luminiferous surfaces are perpendi- 
cular at each point to the rays radiating from Q as indicated by 
the circular arcs drawn with center Q (fig. 35), so also after re- 
flexion they are perpendicular to the reflected rays. 

The forms of the surfaces iafter reflexion are easily drawn 
geometrically as follows. Let MM' be a circular arc represent- 
ing the luminiferous surface at a given instant, with center Q, if 
thtf mirror had not been interposed. Taking successive points 
in the mirror AB^ draw circles touching the arc MM\ then 
their ultimate intersections in the reflected light give the 
orthogonal trajectory hamdh\ which is the luminiferous surface 
required; the distance of Q to the mirror plus that to the 
trajectory being constant and equal to QM as required. The 
luminiferous surface is thus an involute of the caustic, as 
described at page 79, Part I., in any of its successive positions, 
having cusps at the caustic as when the central part has arrived 
at n, until it has passed the geometrical focus j, when it becomes 
a curve of continued curvature. 

Art. 46. Prop. To investigate the equations for finding the 
farm of the luminiferous surface^ after reflexion at a concave 
spherical mirror. 

Let Q be the luminous origin (fig. 36), hp* the place where 

the luminiferous surface would have arrived if the mirror BAB 

had not beei^ Interposed ; pamdh the luminiferous surface after 

reflexion. Let the center of curvature of the mirror be 

PH. opt. p 
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the origin, and Ox, Oy the axes of co-ordinates. Let P be any 
point in the mirror, and OM^x^ PM=y\ its co-ordinates ; let. 
the radius OA = a, and QO = h. 

With center F describe a circle, as in figure 36, touching the 
circular arc Lp' in p, and let x, y be the co-ordinates of any 
point in it. Let QL = Qp = r. Then 

a5" + y' = «' (1), 

PV' = Qp -QP=r- ^[{x' + hf + y\ 
and the equation of the circle drawn with center P is 

Now when x and y are the co-ordinates of p and p\ the 

points of intersection of two consecutive circles, we have x and. 

y varying from the point P to the neighbouring point, whilst 

X and y remain constant ; therefore difierentiating in respect of 

dy . x' 
X* and y\ we find, after substituting for —-, its value ? , as 

follows : 

\ii{xArV)-^y\ V{(a;' + J)' +y*} =%'.... (3); 

and by eliminating x and y from the equations (1), (2), (3), we 
should have the equation required ; which belonging to both 
the enveloping surfaces which are the loci of p andp' will con- 
sist of two factors which are their equations. Now the equation 
of Lp is 

therefore dividing the above-named equation by this, we should 
have the quotient the equation of the involute of the caustic 
pamah as required. 

Cor. To find the involute of the caustic after refraction af 
a spherical surface, we have to replace the equation (2) by the 
following, as seen by figure 37 : 

Pp" 



{x^xy+{y'^yy^ 



H^ 



\r^^[{x'--hy + y'^]Y 
and a?'" + y'' = a\ 



H^ 
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The remainder of the solution is similar to that for the re- 
flexion at a spherical surface. 

Art. 47. Prop. To find the phenomena of the interference 
near a caustic formed in ike light reflected by a spherical mirr<yr. 

In investigating the interference near a caustic we may sup- 
pose it to coincide with its circle of curvature, for the space 
under consideration ; and the two branches of the section of the 
luminiferous surface will thus, near the cusp, be represented by 
two arcs of the involutes of a circle. 

Let figure 38 represent this circle of curvature of the caustic 
with center 0\ let a be the cusp formed by the two arcs of in- 
volutes op, aj. Let r be the radius of the circle, draw the 
tangents PpT 2X P, and QqT 2X Q, meeting the radius through a 
produced at T, and let a = ^ FOa ; then the distance 

-Q? = arc Pa = r . a, 
and PT= tangent of the arc Pa = r . tan a ; 

.'. p3r=r (tana — a) 



='*(n3"^rf:5+*"-)- 



a* 



Also a2'=r(seca — 1) =r-— nearly; 



1.2 



■■•'VC-^' 



roT 
and pT=— nearly, 

o 

oc (aT)K 

Now 2.^7" is probably the correct experimental retardation 
B of the two interfering branches near the cusp, which therefore 
varies nearly as the distance from it raised to the power f » 
There is however room for consideration and experimental 

p2 
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examination whether this value should not be resolved into the 
direction of the tangent at a to which the interfering rays are 
equally inclined, if the actual retardation were calculated from 
pT=^r (tan a — a), or the retardation should equal 

2pT. cos a = 2r (sin a ^ a cos a), 

when the distance from a was not very small. 

In the interference formula 



7=(z«+r-2Zrcos27r|y, 



we have I = l\ since the intensity is the same in the two 
branches, and 

/= r^ |2 (l - COS 27r Dp. 

Then J= when S = 0, or when S = X, or 2X, 3X, &c. ... nX, 

where n is any integer. 

Again 7= (2^)''^ 

, ^ X 3X 5X p 2n + l^ 

when S = -, or —, —, &c....— ^X; 

also intermediate values of S give intermediate intensities. 

There are consequently a series of maxima, alternating with 
darkness, and between them intermediate brightness ; and com- 
mencing with darkness at the caustic, where S = 0. 

In the experiment with the luminous point formed by the 
sun shining upon a minute globule of mercury, which is placed 
in the nearer focus of a spherical mirror of large proportional 
aperture, the interference is seen in brilliant and black rings, 
the outer bright one shading from the maximum brightness to 
darkness at the caustic ; and the inner ones becoming closer and 
narrower from the law of the retardation as they are further from 
the caustic! 

Cor. Similar results occur near the caustic formed by re- 
fraction ; these are not unfrequently met with accidentally, and 
they can be distinguished from the difiraction bars and curves 
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by the dark spaces being absolutely black, whilst the bright 
spaces are very bright. 

The Ravnhow. 

The phenomena of the rainbow are not accurately discussed 
otherwise than as interference near a caustic. The caustic is 
formed by light which has been refracted at incidence and 
emergence from a drop of water, and has been reflected one or 
more times within the drop, and it has two branches which have 
a common asymptote. 

Art. 48. Prop, To find the asymptote of the caustic when 
a pencil of parallel rays is incident upon a refracting sphere^ and 
the emergent rays have been reflected a given number of times 
within it. 

Let be the center of the refracting sphere ; 8A a ray in- 
cident at Ay reflected within the sphere at B, C, &c., and emer- 
gent at D. Let i be the angle of incidence which equals the 
angle of emergence, i' the angle of refraction at A which is also 
the angle of incidence and reflexion at -B, (7, &c. since the 
triangles A OB, BOO, &c. are isosceles. 

Now the deviation at A and D is {i—i'), and at B, 0, &c. 
is 180® — 2t'. Therefore if the emergent ray DR has been n 
times reflected within the sphere, its deviation I) after emer- 
gence is 

i) = 2(t-O+n(180®-2;') 

= 2{i + w.90®-(n + l).z'}; 
we have the relation of i and i' in the equations 

&ini= fismi' ; 

d% cos i 

• . ... _^^______ • 

* * di fi cos i' ' 

and when the deviation is a minimTim in respect of the varying 

value of ly we have 

dD ^ 
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or, = l-(7i + l)^^, 



= 1 — (n + 1) - 



/XCOSi" 

••. fj? (1 — sin' i') = /x' — sin' i 

= (w + l)»(l-sin»t); 

••• «-'^= Vnr^- 

Having calculated the value of i from this expression, and then 
that oft" from sini'=/Asint', hy substituting in the expression 
for D we have its minimum value. This value of D at the 
minimum, was formerly supposed to give the actual place of the 
rainbow, the ray 8 A being parallel to the direction of the shadow 
of the observer's head, and the ray DR entering the eye with 
the minimum deviation. 

The argument for the visibility of the iris in this place was 
that at the minimum deviation the emergent rays were parallel 
to each other, and therefore gave a much brighter light than 
where they are dispersed at considerable inclinations. The ex- 
istence of supernumerary rainbows seen often near the summit 
of the primary bow, were shewn by Dr Young to require inter- . 
ference for their explanation ; and the autlior found the whole 
phenomena to belong to the interference near a caustic. 

Referring to figure 79, Part I., let SEs be the direction of 
the shadow of the eye of the observer; r, v rain-drops from 
which the emergent rays enter the eye at the minimum deviation 
after one internal reflexion ; r , v drops from which they enter 
the eye at the minimum deviation after two internal reflexions. 
Then the radius of the primary rainbow was considered to be 
180® — the minimum value 6i D after one reflexion; and that of 
the secondary rainbow was 180° — the minimum value of D after 
two internal reflexions. 

The values oft and D depending on /x, are different for the. 
different colours of the spectrum, and hence the brilliant sepa- 
ration of the colours. 
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The values of the deviations and the positions of the primary 
and secondary bows are discussed at page 83, Part I., and the 
directions of the asymptotes of the caustics for the first to the 

3 

tenth iris in glass for /Lt = - , are given at page 87. 

Art. 49. Prop. To trace the caustic after emergence when 
an incident pencil of parallel rays has been reflected a given 
n number of times within a refracting sphere or cylinder, 

L^t be the center of the circle in figure 40, which is the 
section of the sphere or cylinder, and 8A the ray which falls 
perpendicularly upon the surface at A ; and produce 8A through 
to T, the point of intersection with an emergent ray BP, or 
that ray produced. 

Let r = OA or OJR be the radius of the circle, and p = OP 
the distance of any point P in the emergent Tay from 0. 

Then since the angle of emergence from a sphere equals the 
angle of incidence upon it, we have AORT=i] let i' be the 
corresponding angle of refraction, and lTOP=Q. We have 
JL OTP= 180^ — i?, the supplement of the deviation. 

Then, as in the last proposition, we have 

i> = WTT + 2i - 2 • (w + 1) . t", 

sin t = )Lt sin i\ 

di* cos { 



and 



•t • 



di fi cos i 

Also, firom the figure, 

OP ^ OB 
sinz"~sin OPB^ 



or p = r 



sint 



sin {POA - OTP) 



sint 



""''•sin(2>-.^)** • (^^- 
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Now when P is the intersection of two consecutive rays or 
a point in the caustic, we have p and constants whilst t and 
D vary ; therefore differentiating (1) with these conditions, we 
have 

= sin (-D — ^ cos t — sin t cos (D — ^) -^ j 

fJT) 
or tan {D-O)^ tan i. -^ (2). 

Substituting the value of sin {D — 6) from this in the value of p, 
we have 

r.sin»y/{l+tan';(^] 

P -^--325 ' 

tant. — ?-r 
at 

and from the first equations we have 

dD ^ (^ / . ^\ cosi 1 

-TT = 2 J 1 - (n + 1) 7f\ . 

at [ ^ ' jJL cos i j 

Substituting this value and reducing, we have 

iJT) 
putting the values of D and --p- in (2), we have 

tan {n7r+2t-.2.(w+l).i'-^}=2tant|l-. (71 + 1).-^^! (4); 

I LL cos * J 

and if i and % were eliminated between the last two equations, 
and sin { = fi sin i\ we should have for (3) the relation between 
p and 6 required. Knowing the asymptote we easily however 
trace the form of the caustic from the equations (3) and (4). 

Let t* = and therefore i' = 0, then 6 = titt, and 

'' = ''-2{(«+l)-/*}' 

where the ray 8 A T is a tangent to the caustic and which gives 
the commencing point of it. 

Let i = 90°, then p = r, and the caustic finally touches the 
circle whatever value fi may have. 
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To apply these results to the case of the primary rainbow^ 
we have for orange-light /i* = « > *^^ n = 1 ; therefore when 

Let SBCDl be the course of the ray which has the minimum 
deviation in figure 41, or let htDl be the asymptote of the two 
branches am and hn of the caustic. Then the rays produced 
backwards which are incident between A and B are tangents 
to the branch am, and those which are incident beyond B firom 
A are tangents to the branch hn. The luminiferous surface in 
one of its positions, as ege\ has the part from e to the asymptote 
the involute of the branch aw, and the remainder from the 
asymptote to the cusp g is the involute of the part of hn which 
is beyond g from J, whilst ge is the involute of the part hg. 

The retardation S between the two sheets of the luminiferous 
surface at any point depends upon the distance of that point 
from the asymptote and on the diameter of the rain-drop ; and 
it may be calculated by tracing the paths of the two rays through 
the drop. This method, employed by Dr Young, enabled him 
to calculate that the second maximum intensity of the red would 
fall at the place of the first maximum of the violet, distant 2® 
from the first maximum of the red, if the rain-drop were yq iiich 
in diameter. The author by assuming that the branches eg 
and eg might be taken as the circles of curvature of those 
branches and to meet at g^ obtained a similar result. This 
assumption shewed that the second maximum of the red would 
fall 1® 46' from the first if the rain-drop were ^ inch in diameter. 
These computations were both made on the supposition that 
there was brightness at the caustic where the rays have passed 
over equal spaces and 8 = 0; so that it is a desideratimi in phy- 
sical science that these subjects should receive a careful mathe- 
matical re-examinatiop, since it is now certain that there is 
darkness at the caustic, 



CHAPTER V. 

ON THE INTERFERENCE OF POLARIZED LIGHT. 

When we speak of the properties of ordinary light as dis- 
tinguished from those of polarized light, we only mean that the 
peculiar properties of polarized light do not come under consider- 
ation, because ordinary liglit may be considered as composed of 
light polarized in different planes. The properties of polarized 
light are effective to their full extent in this mixture neverthe- 
less, and interference takes place, although it may not be evident 
from tlie light being polarized in different planes, or from the 
retardation of one beam behind another being so great that we 
may not be able to discern the particulars on account of their 
exceeding minuteness ; and in both cases we may in this manner 
only perceive the aggregate effect. It is certain that all the 
phenomena of concurring beams are subject to the laws of inter- 
ference, regular or irregular. 

The phenomena of Newton's transmitted rings gave the inter- 
ference formida 

I=.{P + P + 2irco80)% 
and if L be the base of the interfering light so that 

then L is represented by the diagonal of a parallelogram of 
which the sides represent I and I' ; and the angle is expressed . 
in terms of X the interval, and S the retardation, as follows : 







-'('4^ 



ON THE INTERFERENCE OF POLARIZED LIGHT, 76 

and cos^ = — cos (2 TT-l , 

80 that / = /'p + r - 2W cos 27r ^V, 
But where inversion of properties or anatropy exists, 

cos^ = cos [2 7r-] . 

Now if we compound the two bases I and V to find L by the 
above formula, we must use the inverse method to determine I 
and V for a given value of L, in the resolution of the base into 
its components in given directions. 

When the parallelogram is right-angled, or 

we have S = - . 

So that if we resolve L into I and I' in directions at right 
angles it is equivalent to one of the components having a retard- 
ation + - . 
4 

When a beam of polarized light whose base is L is incident 
upon the surface of a plate of a uniaxal crystal, and the plane of 
polarization makes the angle <f>, as in figure 42, with the princi- 
pal plane of the crystal ; then taking the bases in the directions 
of the planes of the polarizations, and I being the base in the 
ordinary beam, I' that in the extraordinary beam, we have 

Z=j&COS^, 

r = i/ sin <f>. 

If / be the intensity of the incident beam, I^ that of the 
ordinarily and ii that of the extraordinarily refracted beam, 
we have 
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and /,= (Z)^^ 

= {L cos <i>Y\ 

= {L sin <f>y\ 

These are the values of I^ and I^ if they exist alone, but if 
they exist together we must recompound by the interference 
formula. It will be seen that these coincide with Malus's law 
only when vX = 2. 

Art. 50. When the bases I and l' are resolved again in 
rectangular directions as 80 and E8E' in figure 43, we see that 
we have not L reproduced if 80 coincides with the original plane 
of polarization, since I and l' furnish components in the perpen- 
dicular direction E8E\ The retardation which occurs on the 
second analyzation of the light requires an additional considera- 
tion. The retardation ^ between I and V may be considered as 

made up of an acceleration for one as Z, and a retardation for the 
other as l\ proportional to the angles they make with i. Now 
I m 8o for an ordinary beam, and V in 8e for an extraordinary- 
one, on being resolved again into 80 an ordinary direction, and 
£8^ an extraordinary one, we may expect them to be accele- 
rated and retarded in a like manner to what takes place on the 
first analyzation ; that is, we shall have the component of Z in 80 
accelerated and in 8E' retarded ; whilst the component of V in 
80 is retarded and in 8E is accelerated. A complete discussion 
must involve the methods of Chapter II. 

In this manner the components in 80 will have a retardation 
equal to - . From this, in the interference formula we must take 



and / = [P + r + 2lV cos 2ir ^ 



s 



Art. 51, Prop. To find the interference phenomena when 
I'^ht polarized in a given plane has been transmitted hy a plate 
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of a unicixal crystal^ cut perpendicular to the tzans, and then 
analyzed. 

Let the beam of light entering the eye E have been polarized 
originally in the plane determined by the lines AB and 8E in 
figure 44, taken as the plane of the paper, and before traversing 
the plate ab of the uniaxal crystal. After emergence from ah let 
it be analyzed in the plane determined by 8E and CD, as a prin- 
cipal plane of a double refracting crystal, making an angle a with 
the plane of original polarization. Let cd represent any princi- 
pal plane of the crystalline plate ab, making an angle (f> with the 
plane of original polarization. 

Let L be the base of the polarized light falling on ah ; the 
base of the beam polarized in the principal plane l^^L cos ^ ; 
that polarized perpendicular to the principal plane Z^ = 2/ sin ^. 

Putting l^j ?^, the resolved parts of these in CZ), and 

we have 

l^=^L cos j> cos -^j 

l^^L sin ^ sin '^, 

and compounding these again by the formula above, we have the 
intensity I as follows, 



-?= (C+ C+ 2Z^ . Z« • cos 27r - 
^11^ -jcos*^cos*'^ + sin"^sin*'^ 



+ 2 sin ^ cos ^ sin'^ cos -^ f 1 — 2 sin*—]}-* 






= r^ jcos* (^ - -f ) - sin 2^ . sin 2^^ sin* ^1 

= i''*'|co8»a-8in2^.sin2(^-a)8in«^l'^ (1). 

First, to interpret this formnla, let a = 0, or let the plane of 
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analyzation coincide with the plane of the original polarization, 
we have 



I=r^(l^sm'2<l>sm''!^J'\ 



When ^ = 0, or + - , or TT, then the intensity is independent of 

S, and /= i" = the intensity of the light falling on ab, and there 
is a bright cross as in figure 86 a, Part I. 

When (f) has any other given value there will be a series of 
maxima and minima depending on the value of S. 

When 8=0, or \, 2\, 3X, &c.... n\ and n any integer, then 

sin' — = 0, and there will be maxima for all values of ^, and a 

brightness in the segments of rings between the arms of the 
cross, equal to that in them, as in fig. 86 a. Part L 

When S = -, or y , — , &c....— ^.X, 

then sin' — =1; 

X 

and there will be minima where the brightness will be 

/=i''^(l-sin'2^)^. 

But the segments of dark rings are not of uniform intensity like 

the bright ones. Where sin 2 ^ = + 1, ^ = + t , or + ■— , there 

will be complete darkness, but not for other vahies of ^. This 
explains how the segments of the dark rings are only perfectly 
black at their middle parts between the arms of the bright cross. 
These particulars are easily seen in experiment, and as shewn in 
figure 86 a, Part I. 

Intermediate values of S give intermediate results. 
Again, when a = ± - , we have cos a = 0, and 

sin2(^~a)=-sin(180'-2^)=-sin2<^; ; 
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.'. I = L''^ Uin^ 2<j> . aia' — j . 

When = 0, or ± - , or tt, we have the intensity zero, or 

J=0, 
and there is a dark cross, as in figure 86 J, Part I. 

When <]> has any other value, we have a series of maxima 
and minima, depending on the value of S ; when S = 0, or \, 2\, 
3\, &c.... n\, and n any integer, we have the intensity */= 0, for 
all values of 0, and there are uniform dark segments of rings 
between the arms of the cross. 

When = — , ^^ T » "o" ' — o — ^> *"® mtensity is 

and there are bright segments of rings between the arms of the 
dark cross, but the intensity is not uniform, becoming only 

J^i"^ when 0=±^, or +^, 

as seen readily in experiments, though not well represented in 
figure 86 J, Part I. 

When a has any other values in (1), the intensity is uniform 
and independent of \, becoming 

/= i"^ (cos a)''\ 
when sin 20 = 0, or sin 2 (0 — a) = ; ^ 

IT 

or, when = 0, or + — , or tt; 

M 

It 

or, when (0 — a) = 0, or + - , or tt. 

That is, there is a double cross of the above intensity with the 
arms respectively parallel and perpendicular to the planes of 
original polarization and of analyzation. 

For the values of between = and = a we have 
sin 2 (0 — a) = — sin 2.(a — 0)^ 
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and the expression for the intensity becomes in (1), 

/= i"^ icos* a + sin 2<^.sin 2(a-<^) sin'^K. 

For the values of ^ between ^ = a and ^ = — , we havQ 



9\ 



sin 2<f> and sin 2 (0 — a), both positive, and 

/= i"^ Jeos* a — sin 2^ . sin 2 (^ — a) sin* -r-f • 

Now for S = these two values of / coincide, and we have the 
intensity of the crosses at the center as above ; but when 

= 2> orY,&c., 

we have a maximum in one case and a minimum in the other, 
or the segments of rings between the arms of the double cross 
have maxima in one sector coinciding in distance from the 
center with the minima in the adjacent sector. 

The same will be found to hold for the other sectors. 
Cob. In Art. (4), it was shewn that 

for negative crystals . . . S = -^ — j— ^ sin* t", 

for positive crystals ... S = ^ ^^ sin' u 

Now the rays by which the rings are seen enter the eye 
obliquely and make an angle i with the axis ; so that the angular 
diameters of the rings vary as V^> ^i^d are therefore similar to 
Newton's rings formed between spherical surfaces; becoming 
closer together as they are further from the center. 

Art. 52. Prop. On the nature of circularly polarized light* 

When a beam of light in the direction 80 (fig. 45), perpen- 
dicular to the plane of the paper, is polarized in a plane whose 
intersection with the plane of the paper is OA, and this is de- 
composed into two beams having the same direction but polarized 
in planes determined by the lines 80, Oa^ and Oh, inclined 
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+ 45* and — 45® to the plane 80 A^ of which one is found, on ana- 

lyzation^ to be retarded — behind the other : the compound beam 

so constituted is called circularly polarized light. This name 
was first given from the properties being the same in all directions 
round ; but in the undulatory theory the name was applied to 
the circular vibrations of the particles of the hypothetical aether, 
which would then exist. 

Let L be the base of the incident beam and the intensity 

Now when the plane of analyzation is SOB (figure 46), making 

the angle j> with 80 Aj we have for new bases l^ and Z,, as 

follows : 

Zj = i cos 45\ cos (45* - 4>) 

= — (cos<^ + sin<^), 
Z, = i cos 45*. cos (45* + <^) 
= — (cos — sin ^) ; 

and if /' be the intensity of the beam analyzed in the plane 

80By we have in circularly polarized light the retardation S = -j ; 
therefore 

r=(z,«4.z,»)T 



= -7- |(cos <^ -f sin ^)'+ (cos <f> - sin ^)4 ' 



vK 



which is independent of ^, and the base in any plane of ana- 
lyzation is -J- . This property is most completely given to plane 

polarized light when it has been twice reflected as at ^ and B 
in figure 47, within a rhomb of glass of which the section is 
ahcd^ and each of the angles at a and c is 45*, in accordance with 
the result of Art. 20, the light entering the face ah perpendi- 
PH. OPT. G 
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culaxly and emerging perpendicularly from the face cd after two 
reflexions at A and B; the plane of incidence and reflexion being 
inclined 45® to the plane of polarization of the incident beam, and 
the angles of incidence at A and B being 45® from the results of 
Art. 20. 

In several experiments with rhombs of plate and flint-glass, 

the retardation S = — appeared to be given by two reflexions 

immediately as total reflexion commenced, as stated at page 38, 
Part I., and with other rhombs the retardation appeared different, 
that is for higher angles of incidence at A and B, The experi- 
ment however must be tried with very perfectly annealed rhombs 
before a positive conclusion can be arrived at, and the theoretical 
result of Art. 20 confirmed. 

Another method of M. Fresnel, which is very useful though 
not accurate, is to employ a very thin slip of mica to produce the 
effects required. That is, the thickness must be such as to give, 
on analyzation, the retardation 

S = - , or, S = w\ ± — , 

4 4 

■ 

and n is any integer, and the planes of polarization of the 
two rays must be inclined + 45® to the plane of the original 
polarization of the light. Now mica being a biaxal crystal with 
the optic axes generally inclined at a large angle, the planes of 
polarization of the two rays bisect the acute and obtuse angles 
formed by planes through the optic axes, and the ray, as shown 
in figure 41, Part I.; and a lamina of proper thickness being 
attached to a tourmaline, with one of the planes of polarization 
of its rays inclined 45® to the plane of polarization of the light 
transmitted by the tourmaline, we have the conditions required 
for circular polarization, but only for such tint as the retarda- 

tion IS -T . 
4 

The circular polarization produced by the rhomb is called 
right-handed or left-handed, according as the plane of reflexion 
(in fig. 45) is inclined 45® to the right, or 45® to the left of the 
plane of original polarization 80A, and looking in the direction 
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80, respectively ; and we conclude that in total reflexions within 
transparent media when the angles of incidence at A and B are 
45^, the light is analyzed into two parts, one polarized in the 
plane of incidence and the other perpendicular to it, and the 

former is retarded a space - at each reflexion. 

o 

When the inclination of the plane of reflexion to the plane 
of original polarization is any other angle than ± 45® the light is 
elliptically polarized, and the brightness is not constant for 
all values of ^ ; and when the inclination is 0®, or ± 90®, the 
light is plane polarized. 

Art. 53. Prop. To investigate the expression for the in- 
tensity of a beam of elliptically polarized light when analyzed in 
any given plane. 

In figure 48, let the letters refer to the similar points to those 
in fig. 46, but let Oa be now inclined at any angle /8 to OA ; 

and one of the two beams being retarded j behind the other, the 

light is generally elliptically polarized, but becomes circularly 
or plane polarized in particular circumstances depending on the 
magnitude of iS. 

We have as in the last Article, 

and now Z^ = i cos /8 . cos 08 — 0), 

Zj = i sin /8 . sin (/8 — 0) ; 

.-. /' = i''^{cos»/8cos»(i8-<^)+sin'i8.sin*(i8-0)}T. 

When i8 = 0, or 90®, 

/' = i''\ (cos 0)''\ 
and <^ = 0, then r^r\ 

<^ = 90®, then /' = 0; 
or, the light is plane polarized as found by experiment. 



:0 1 



When /8 = 45®, sin 45® = cos 45® = -75 ; 



G2 
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• • 



/'=i' 



|'i|co8»(/8-<^) + 8m»08-^)Jl'" 



vX 

as found directly for circularly polarized light. 



.!i.\^. 



Art. 54. Prop. To find the phenomena when circularly 
polarized light falh upon a plate of a uniaxal crystal^ cut per- 
pendicularly to the optic axisy and the transmitted light has been 
analyzed. 

Let 8Ae (in fig. 49) be the direction of the ray which passes 
along the axis of the uniaxal plate oi, and enters the eye at e. 

Let SAB be the plane of the original polarization of the 
incident light, which has been brought to the state of circular 
polarization as described in Article 52, and then consisting of 
two equal portions polarized in the planes 8AE and 8AF 
inclined +45® and —45° to the plane SAB^ and the latter 

retarded - behind the former, or it is right-handed circtdar 
4 

polarization. 

Let a principal plane 8cd of the crystalline plate ab make an 
angle ^ with the plane SAB^ and let the plane of analyzation 
8CD make an angle a with 8AB. 

Now if L be the base of the incident light originally polar- 
ized in the plane 8ABy we have the bases of that polarized in 

the principal plane 8cd equal to -y^, as shown in Art. 52, as 

well as that polarized in the plane at right angles to it, as 8cf. 

The ordinary ray being retarded S behind the extraordinary 
ray, we have, after analyzation in the plane 8GDy the final 

retardation 8' = S — j ; and the component bases are 

^' = ;j^sin(<^-.a), 
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and the base 11 squared, of the interfering light entering the 
eye, is 

i'«=Z« + Z'» + 2ZZ'cos27r|' 

= — •jcos'(^— a) + sin'(0— a)+2sin(^— a)cos(^— a)cos27r— j- 



= — JH- sin 2 (^ — a) cos 27r-^ • 



Let (0 — a) = -^ the angle between the plane of analyzation 
and the principal plane of the plate ab\ then if /be the intensity 
of the light entering the eye, we have 

which is independent of a and ^, and depends only upon their 
difference '^^ so that on turning round the analyzer we have the 
same appearances. 

When '^=!0, or ±-, or tt, we have 

- (IP 

which being independent of S', we have a cross partially bright, 
as in figure 87, Part I., with its arms parallel and perpendicular 
to the plane of analyzation. 

When '^ = + --, or — -, we have sin2'Jrs5l, and the maxima 

intensities occur when cos 27r — = 1, or when S* = 0, or X, 2X, &c. 
... w\, and n any integer, or when 

S-S'4.?^-^ or— — — &c • 
0-0+^-^, or ^, ^, ^ , occ. , 

and the minima are black when cos 27r — = — 1, or when 

^, X 3X 5X « 2n + l, 

2 ' ^^ T ' T ' "2" ' 
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IT 3ir 

Again, when -^ = — -- or -p , then sin 2'Jr = — 1, and the 

4 4 

maxima occur for the values of S which gave the minima in the 
other sectors, and the minima for those which gave the maxima 
in the former case. 

The segments of the rings in the alternate sectors hence 
differ by a retardation of half an interval ; or the distances from 
the center of the bright rings in one sector equal those of the 
dark ones in the neighbouring sectors, as seen in the experi- 
ments, and shown in figure 87, Part I. 

Art. 55. Prop. To find the phenomena when the light in- 
cident upon a plate of a uniaxal erystal is circularly polarized^ 
and the light emergent from it is circularly analyzed. 

Let 8 CD (in fig. 50) be the plane of final analjzation making 
an angle -^ = a — ^ with 8cd, any principal plane of the plate 
of uniaxal crystal ab. Then the planes inclined ± 45® to SCI) 
will be those into which the first analyzations must be made of 

the bases equal to -^ , emergent from the plate oJ, polarized in 

the principal plane and perpendicular to it ; and we have from 
the principal plane the components 

-T- cos (45® + '^) = -5- (cos yjr — sin '^), 

-7- COS (45® - '^) = -r (cos '^ + sin '^). 
These analyzed finally in the plane BCD, by multipljring by 

. COS(±45»)=;^, 

and then compounded with the retardation - , give a base L^ 
as follows : 
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L^ = — {(cos -^ - sin '^y-\- (cos '^ + sin -^/r)*} 

In the same way we have from the emergent light polarized 
perpendicular to the principal plane of the crystal the com- 
ponents 

^cos(90^ + 45^ + ^)=--~sin(45^ + ^) 

= — ~ (cos '^ + sin '^), 

•^ cos (90» - ■iS' + f') = 4 sin (45" - -f ) 

= — (cos -^ — sin '^). 

These compounded with the retardation j give for the base L^ 
as follows, after analyzation, by multiplying by cos (± 45°), 

L^ = — { (cos -^ + sin '^)* + (cos -^ — sin '^)*} 

o 

~ 4 • 



Finally, L^ and X^ compounded with the retardation S" give 



ii" = V + X/ + 2i, . A cos 27r ^ 



= -(2 + 2co8 2,r^j 

= -(^l + C08 27r-j; 

or the intensity does not change with '^^ and there are no crosses 
bright or dark, but complete rings, the maxima occurring where 

cos27r— = + 1, 

A. 
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and the black rings where 

S" 
cos27r— = — 1; 

the intensities of the bright rings being /' = (Z)"^, and those of 
the dark ones zero, or /' = 0. 

Art. 56. Prop. To find the phenomena when a plate of 
quartz crystal cut perpendicularly to the axis is placed between 
the polarizing and analyzing plates. 

In figure 51, let SAaCe be a ray entering the'eye e, origi- 
nally polarized in the plane SAB. 

Let Sab be a principal plane of the plate of quartz, making 
an angle <}> with the plane of original polarization SAB, and 
let SCD be the plane of analyzation, making the angle a with 
SAB. 

From Art. 53 the base of an elliptically polarized beam after 
analyzation is expressed by the formula 

P = L* (cos'/3 cos'i/r + sin'/8 sin'^), 

where y^ is the angle in fig. 48 between the chief plane of polar- 
ization of the elliptically polarized light and the plane of final 
analyzation SGD ; but cos /8 and sin /8 are now to be considered 
coeflScients only, which determine the degree of ellipticity of the 
two beams into which the light is refracted by the quartz plate, 
according to the experiments of M. Biot as interpreted by 
M. Fresnel, which are circularly polarized when they pass along 
the axis of the quartz plate, and elliptically polarized near it, 
but plane polarized when they pass at right angles to it ; the 
two beams traversing the axis of the crystal with slightly dif- 
ferent velocities ; and the light becoming plane polarized to the 
senses at an inclination of 20 degrees to the axis, as found by 
M. Jamin. 

In the formula above we have /8 = 45° at the axis, and /8 = 
at right angles to it, and fi also becoming sensibly zero at an 
inclination of 20 degrees to the axis. If L be the base of the 
light incident upon the quartz plate, polarized in the plane SAB, 
we must put L cos ^ for that of the ordinary beam, and L sin ^ 
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for that of the extraordinary beam when the transmitted light 

is sensibly plane polarized; but cos^ and sin^ become each —r- 

at the axis, or ^ = 45^, and ^ changes with /8 near to it. Thus 
if Zq and l^ are the bases of the two components after analyzation, 
we have 

Z,* = i* cos'<^ (cos»/8 cos'^ + sin'/8 sin'i|r), 

Z/ = U sin' (f> (cos* /8 sin' -^/r -f sin' /8 cos* '^) ; 

the latter being formed for the plane Sac as the former was for 
the plane 8db, at right angles to it. 

These are to be compounded by the formula, with the re- 
tardation h\ thus : 

i" = l^ + Z/ + 2Z^ . Ze COS 2ir- ; 
or substituting the values above, we have 
X''=i' cos'<^(cos'/8cos'^+sin'/8sin''^)+sin'^(cos'i8sin''^+sin'/8cosV) 

+2sin0cos0v/{(cos')8cos'i/r+sin'/8sin''^) (cos')8sin'^sin'/8cos''^)}cos27r- 
and the intensity /is 

/= {Ly\ 

Now at the axis we have /8 = 45^ and cos)8 = -^ = sin^, 
and 

X'« = r V^ (cos'^ + sin'^) + ?^ (cos'V^ + sin'Vr) 

c ' J. JL ;{(sin'^+cos'^)»} ^ 
+ 2sm<icos6 . / 5^^ ^^—r 2LLicos27r 



lin cos ^ A / ' 



= — ( 1 + sin 20 COS 27r - j ; 
and since ^ = 45* also, we have 



,^ = f(l + C08 2.|). 
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Since '^ has disappeared, the intensity is the same all around 
the axis, and near to it, whilst /8 = 45^ nearly, or the light can be 
considered as consisting of two circularly polarized beams. The 

intensity depends upon cos 27r r- , and B' is a function of a, the 

angle between the planes of polarization and analyzation, the 
phenomena recurring with every 180® that a is increased, so that 
we have 

That S' is a function of a we may see in the following man- 
ner. In fig. 52 let SE be a ray which has traversed the quartz 
plate ABy the transmitted light being circularly polarized with </> 
taken 45°. Let the lines drawn perpendicularly to 8E through 
the points o, o', e, e' represent the sections of the luminiferous 
surfaces constituting the circularly polarized light, in contempo- 
raneous positions with the distances oo' and ee', each equal 

to J , and of which the polarizations are indicated by the small 

letters i- , parallel and perpendicular to the plane of the figure. 
Now if the crystal were an ordinary unlaxal one, the retardation 
would be the distance oe, but in the circularly polarized light, 

putting a' = a — J , when the plane of analyzation coincides with 
the plane of the figure, or a' = 0, the light famishes no compo- 
nents from o' and e, and the retardation is oe' = oe + -r ; and 

4 

when perpendicular to it, or a' = - , the light furnishes no com- 

ponents from o and e\ and the retardation is o'c = oe — — . For 

intermediate positions the retardation will be intermediate and 
involve a function of a. We may thus assume an expression 
fulfilling the above conditions in the following form : 

p./ . \ \ a \ 4 ^ 

4 2 TT 2 TT 
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or, putting S = oe, and a = a + j , we have 

Now when a = - in fig. 51, before the crystal was inter- 
posed there was darkness; and 7=0 again when the crystal 
heing interposed we have cos 27r - = — 1. Then a = a + -: , for 



this value of S' will be the angle through which the plane of 
analyzation must be turned to reproduce the dark field ; 

«^. 2/1 "f" 1 -^ X CCA T • 

or = — — X=3S + - , wneren = 0, or any integer ; 

.-. n\ = B ; 

TT 

and when n = for thin plates we have 

TT \' ^ 

For a thickness one millimetre or •03937 inch and orange- 

g 

light, M. Jamin found ^ = "12, and hence 

a = •127r = -12 X 180* = 21*-6, 
which agrees with the experiments of M. Biot, 

For a series of thicknesses and values of S in arithmetic pro- 
gression, we shall have the corresponding values of a in arith- 
metic progression ; according to M. Biot's law of rotatory polar- 
ization. 

If r be the thickness of the quartz plate, a a given linear 
constant equal to B when 7= X, and 8 = — , we have 

a = -r^ varying as r, for different colours with the same plate. 

A» A. 
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When /8 = 0, we have 
L'^ = U (cos* ^ cos' '^ + sin* ^ sin* -^/r 

+ 2 sin cos sin -^ cos -^ cos 27r - j 
= i* J (cos ^ COS -^ + sin sin -^/r)* — sin 2 ^ sin 2-^ sin* ~V 
COS* (0 - '^) — sin 20 sin 2*^ sin* — • 

cos*a — sin 20 sin 2*^ sin*— J , 

as found for a uniaxal crystal in Art. 51. 

At different inclinations to the axis of the crystal, it was 
formerly supposed that the retardation of the extraordinary ray 
behind the ordinary one varied as a constant for the axis, plus 
the square of the inclination to the axis, analogous to the case 
of calc-spar and other uniaxal crystals. The progression of 
the rings are however evidently very different from this near 
the axis, and M. Jamin* has found that the formuIsB of M. 
Cauchy represent excellently the phenomena. The following 
are from his results. Let S^ be the difference of paths for the 
axis and a thickness of the plate one millimetre or *03937 inch 
or h^ = •12X , i' = angle of refraction within the plate = incli- 
nation of the ray to the optic axis, /i the refractive index of the 
ordinary ray, when incident at right angles to the axis of the 
crystal, fi that of the extraordinary ray ; then /i' — /i = '00905 
from the experiments. 

The thickness of the plate being a millimetre, h the retarda- 
tion at an inclination t', by M. Gauchy's formulae we have 

S*=/sinS-'+S,*cosS"; 

also the ratio of the component bases in the elliptically polarized 
light he found to be expressed by the formula, 

• AnnaUs de Chimie et de Physique, Tom. xxx. p. 66. 
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the ratio = A: = ± j^ tan'f ± ^(l +|5tan*i']l . 

In the experiments p was found 

= 16-034, for X = -000561"^ = '000022086 inch, 
for the orange-light of the spirit-lamp with salted wick. 

There is, however, a fatal objection to the generality of these 
formulae, for they are not homogeneous. 

The quantity^ for a thickness one millimetre and \ measured 
in decimals of a millimetre, is a ratio and numerical ; but 8 and 
S^ are linear, and their values depend on the unit of linear 
measure which is used, but of which p is independent. A similar 
objection lies against the formula for A. The value of X em- 
ployed is also considerably different from Fraunhofer's value for 
the fixed line D, which is generally allowed to correspond with 
the orange-light of the spirit-lamp with salted wick. It must 
therefore be considered that the accordance of M. Jamin's experi- 
mental results with the formulae is accidental, and that the true 
general formulae are yet to be discovered. 

The formula given by M. Cauchy for the retardation 8 in the 
Comptes RendtiSy Tome xxx. p. 99, is 

S» = S/cosV + €'sinV, 

and c being the thickness of a plate of quartz cut perpendicular 

to the axis ; also - being the difference between the indices of 

ordinary and extraordinary refraction, with r' the angle of reflec- 
tion of the ordinary ray. 

This formula is homogeneous, but must have been subse- 
quently changed. 

Art. 57. Prop. To find the phenomena when circularly 
polarized light is incident upon a plate of quartz crystal cut per- 
pendicularly to the axis, and the emergent light has been analyzed. 

In figure 53 the letters referring to the same parts as in the 
last proposition, the incident light upon the crystal now consists 
of two equal portions polarized in planes inclined ± 45® to the 
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plane of original polarization 8AB, with a retardation — between 
them. 

Therefore putting (^ — 45**) and (^ + 45^) for ^ in the expres- 
sion of the last proposition, we have 

Z," =j&*co8*(^-45^ (cos*/3cos"'^ + sin»/3sin»'^) (1), 

?;'»= U cos' (^ + 45") (cos" /3 co8» '^ + sin* /3 sin* i^) (2) , 

Z/ = i*sin»(^-45°) (cos*/3sin*'^ + sin»/3cos''^) (3), 

Z;*= U sin* (^ + 45°) (cos*/3 sin*^ + sin'/Scos'i/r) (4). 

Now (1) and (2) have the retardation - , as also (3) and (4), 

so that if L' is the base of the finally analyzed light fix)m com- 
pounding (1) and (2), we have 

i" = U [(cos»/3 cos'^ + sin«/3 sin'^) {cos* (^-45°) +cos*(^ +45°)}] 
= U [(cos'/Scos'^'^+sin'ySsin''^) {^(cos^+sin^)'-fJ(cos^— sin^)*}] 
= U (cos'iS cos^^-^^- sin*i8 sin'-^/r). 

Similarly, if i" is the base from compounding (3) and (4), 
we have 

i"* = i"[(cos'/3sin*V^+sin'i8cos*'^){sin*(</»-45°) + sin*(</» + 45°)}] 
= U (cos' P sin' -1^ + sin' yS cos' '^) , 

and L" has a retardation H behind L' ; therefore if L is the base 
of the interfering light entering the eye, we have 



L' = i" + L"^ + 2L'L" cos 27r % 



= i' ri+2v/{(cos'/9cos'Vr+sin'/38in'Vr)(cos'/9sin'^+sin'i8cosY)}cos27r - | 
= i' |l + \/(l - cos' 2/9 cos' 2^) . cos 27r |l . 

Now at the axis of the crystal i8=45°, and cos/8 = sin/S = -y- ; 
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and substituting these values, we have 



= iMl+cos27r-j, 



which is independent of ^ft; and therefore at the axis and nelur 
to it the light is uniform on all sides. But B' in Art. 56, hav- 
ing the expression 

8' = S + |-^, 

the value of L depends upon the value of a, the angle between 

the planes of polarization and final analyzation, as well as upon 

S' 
S or the thickness of the plate ; and the values of cos 27r — recur 

A* 

as a is increased by tt in value, and change sign as a increases 

every — in value. These are easily seen in the experiment; 

for if in place of the arrangement which produces the appearance 
of fig. 90, Part I., we turn the plane of analyzation round 90°, 
we find brightness in place of darkness in that figure, and dark- 
ness in place of brightness. 

Again as i' increases firom at the axis, yS rapidly diminishes 
firom 45® at the axis, until it becomes sensibly zero when i' is 
20°, and cos 2y3 increases from zero at the axis to unity when 
i' = 01 > 20°, and then 

L' = X' jl + V(l - cos' 2Vr) cos 27r |-l 



= Zf' |l + sin 2ylr cos 27r -[ ; 



and there are now brighter and darker spaces depending on ^fr 
and S'. Taking for difierent values of ^' whilst a is constant, 
imtil the true expression is found, the approximate expression 

B" = S^« cos* i' + ^ sin* {', 

where e' is still an unknown function of the thickness of the 

B' 
plate ; then if sin 2'i/r cos 27r — were constant, we should have 

At 

the relation of t' and yft in the spiral curves at a distance firom 
the axis. 
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Near the axis however the spiral curves, bright or dark, 
would be found by putting L" constant, or 

^ V(l — cos* 2^ cos* 2-^) . cos 27r — = constant, 

/I — tan i'\* 
in which we might take tan)3 = (:j — - — rj as satisfying the 

\A "7* tan % J 

conditions of the rapidly diminishing value of ^8 from 45® when 

f ' = 0, to ^ very small when i' = 20® ; and then the relations of 

'^ and i' would furnish the equations of the spirals. 

Art. 58. Prop. To find the form of the interference curves 
when a plate of a hiaxal crystal cut perpendicularly to the line 
bisecting the angle between the optic axes is placed between the 
polarizing and analyzing plates. 

The incident light being polarized in the plane 8AB^ let 
the ray 80e traverse the plate of the biaxal crystal along the 
line which bisects the angle between the optic axes a^ and a, in 
the figures 54 and 55, supposed upon the second surface of the 
plate which is perpendicular to 80e, and P the point where any 
ray emerges. If we join a^, a, and P as in the lower figure, and 
draw Pg bisecting the angle a^Pa^, then the plane of polarization 
of one of the rays passes through Pg^ as stated at page 40, 
Part I., and the plane of polarization of the other is at right 
angles to it. 

The letters in the figure being in a plane at right angles to 
the line 8 A 0, let <f> = angle between the plane of polarization 
of the first ray and that of the original polarization, or between 
Pg and OH; let 7 = angle between the plane of the optic axes 
and the plane of original polarization, or between a^a^ and Oil. 
Join a^P, a^, and OP; put OP=p = radius vector, and angle 
POa^ = 0; also put a^O = ajO = c = half the distance of the 
optic axes. 

Now if S = retardation of one ray behind the other, as they 
emerge from the plate at P, we have, from Art 14, 
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where A: is a given constant, and S is constant for . a given inter- 
ference curve ; which gives 

a^P X a^P= constant, 

the property of the lemniscate curves. 

To find the equation of the curve for a given value of S in 
terms of p and 0, we have from the triangle a^POy 

a^P" = p" + c'-2/oc cos ^; 

and from the triangle a^O, 

a^ = p2 + c^ + 2/3C cos ^; 

= (p2 + cy-4^Vcos«^; 
which gives 

p« = <? (2 cos' e^\)±^\c* {(2 cos» ^ _ 1)« _ 1} + gl , 

where the + sign is to be employed. 

To find the curve with S constant, which passes through 0, 
we have at that point 

ajP= a^ = c, and ts = c* ; 

.-. p* = 2c' (2 cos' ^ - 1) 
= 2c* cos 2^, 

which is the equation of the lemniscate of Bernoulli, as in 
fig. 56, OPAAy and as seen in the experiments. 

For points near the optic axis a^ putting aJP^ 2c nearly, 
then ajP= constant nearly when S is constant, and the curves 

are ovals nearly circles. Also, since t varies as aJP nearly, 

therefore giving S a succession of values increasing by X, we 
have a series of curves at nearly equal distances, as shewn in 
fig. 94, Part I. For points at a great distance from the optic 
axes when they are near together, we have ajP=agP nearly, 
and a^P^ = constant, nearly, for h constant ; or the interference 
curves are again nearly circles. 

PH. OPT. H 
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These figures are seen the best with homogeneous light, and 
hj using circular polarization and circular analjzation, so that 
the brushes disappear. 

Art. 59. Prop. To find the forms of the hruahea when a 
plate of a biaxal crystal is placed between the polarizing and 
analyzing plates. 

Taking the figures of the last proposition, produce the line 
a^a^^ to i, and let the angle Pajb = a^, angle Pa^b = a,. 

We have angle Pgb = ^ — 7, and since the line Pg bisects 
the angle aJPa^, we have 

angle a^Pff = angle a^g, 

or a,-(^-7) = (^-7)-«2» 
or «! + «, = 2 (^-7); 

put 217 = 90^-2(^-7), or 17 = 45°- (^-7), 

and tan {a^ + a^ = tan 2 (^ — 7) = cot 217 ; 

, . . psin^ J X psin^ 

but tan a = —^ — ^ , and tan a, = -^ — -p^ — ; 

* pcos^ — c " pcos^+c 

.'. tan (a^ + aj = cot 217 

_ tan ttj H- tan a^ 
1 — tan a^ . tan a, 

_ 2p'' sin cos 
■'p'(cos''^-sin»e)-c^' 

or cos 2^7 (p' cos 20 — <?) = p* sin 20 . sin 217 ; 

2 _ <? cos 217 _ (? cos 217 
•"• ^ "■ cos 2{0 + ri) ■" 2 cos'* (^ + 17) - 1 ' 

Comparing with p' = —^ — ^ ^, ^ the polar equation of an hyper- 
bola referred to the center, we see that whilst 97 is constant, we 
have e* = 2, and a*=^c^ cos 217, and the equation is that of a rect- 
angular hyperbola. 
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OF POLARIZED LIGHT. 99 

Now since the rays are polarized at right angles to each 
other, on emerging from the biaxal plate, we have the same 
relation as in uniaxal crystals until we come to interpret the 
expressions ; and therefore as in Art. 51, we have the intensity / 
as follows : 

and 2y'* = i' [co8*a— 8in2<^sin2'^sin*7r-r-j . 

In the brushes the intensity is independent of S, and therefore 

sin 2^ = (1), 

sin 2'^/r = sin 2 (^ - a) =0 (2), 

and from (1) ... ^ = 0, or ^ = 90^ 
from (2) ... ^ = a, or ^ = 90® + a. 



Taking the second values of (f) from these, we have 

9y=45'-(^-7) =45^-90^ + 7 
^J =7-45^ 

and 97 = 45®-(90' + a-7) 
= 7 - a - 45^ 



If we put 0' for + Vi ^^ Piit p' = t: a^, ^^ , we have 

^ ' ^ '^ 2 cos* 0—1 

^'=^ + 7-45'' (3), 

^' = ^ + 7_a-45' (4). 



These shew that there are generally two hyperbolic brushes 
fi " which pass through each optic axis, since ^=0 gives (f = (?y 
and their transverse axes are inclined 45® fo the planes of original 
i polarization and analyzation; or their asymptotes are parallel 
and perpendicular to those planes respectively. 

When a = 0, or 90®, the two hyperbolas coincide, whatever 

7 may be, and the intensity /= {L cos a)*^, being IJ^ in the 
former case, and in the latter. 



100 ON THE INTERFERENCE 

When 7 = 0, or 90°, in (3), or 7 = a, or a + 90^ in (4), 
we have ^ = + 45^ and cos 2r} = 0, 

, c' cos 2ri 
but p' = - • 



cos 2 {0 + v)' 



and we must have ^ = 0, or 90^ or the hyperbolas are reduced 
to their asymptotes, giving a bright or dark cross through the 
center 0. 

Art. 60. The discussion of the equiition 

L'^ = L" [cos* a — sin 2(f> sin 2-^ sin' ir - j , 

when applied to biaxal crystals, leads to results analogous to 
those in Art. 51. When a and 7 are such that there are two sets 
of hyperbolas, the • dark arcs of lemniscates on one side of an 
hyperbolic brush correspond to the bright ones of the lemniscate 
curves on the other side of it. 

Art. 61. When the incident light is circularly polarized, 
or the emergent light is circularly analyzed, we have to in- 
terpret the equation 



L'^ = — ^1 + sin 2'^cos27r-^ , 



and find, as in uniaxal crystals, sectors in which the dark arcs in 
one correspond to the bright ones in the contiguous sectors ; the 
separating brushes being of a neutral tint. 

Art. 62. When the incident light is circularly polarized 
and emergent light is circularly analyzed we have to interpret 
the formula 

i-^'{l+C0B2.^'); 

and there are now no brushes, but the lemniscate curves are 
seen continuous. In homogeneous light their forms are very 
accurately shown in experiments. 



OF POLARIZED LIGHT. 101 

Art. 63. Prop. To find the phenomena when a cylindrical 
rod of unannealed glass is placed between the polarizing and 
analyzing plates. 

In fig. 57, ah being the portion of a cylindrical rod of un- 
annealed glass, set with its axis in the line 8A (7, we have the 
same expression for the intensity of a beam entering the eye at e, 
as for uniaxal crystals, since the rays are polarized in, and per- 
pendicular to, the planes passing through the axis of the cylinder, 
as optic axis. 

Then in the expression 

L'^=zL' (cos* a — sin 2<^.sin2'^sin'7r-) , 

• 

we have the rings and crosses indicated similarly to imiaxal 
crystals, but S now depends upon the distance from the axis at 
which the ray passes through the cylinder, and upon the length 
of the axis of the cylinder ; the beam being considered to pass 
parallel to the axis and to consist of parallel rays. In this man- 
ner the rings are closer as they are more distant from the axis, 
and also as the cylinder is longer. 

Art. 64. In irregular pieces of unannealed glass, and in 
crystals with irregular crystallization, the retardation is not sub- 
ject to a simple rule, and the phenomena present many very 
beautiful but imsymmetrical appearances. 



the end. 



cambriboe: printed by c. j. clay, m.a. at the university press. 
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